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ABSENCE OF SHOCKS FOR ID EULER-POISSON SYSTEM 


YAN GUO, LIJIA HAN, JINGJUN ZHANG 


Abstract 

It is shown that smooth solutions with small amplitude to the ID Euler-Poisson 
system for electrons persist forever with no shock formation. 


1 Introduction 

In this paper, we consider the ID Euler-Poisson system in plasma physics: 

n t + ( nv) x = 0, 

1 , , e ; (1-1) 

Vt + VV X H- p(n)x = —Vx 

m e n m e 

with the electric field 'i/’x which satisfies the Poisson equation 

■0 xx = 47re(n — no), with \i^\ —>• 0, when x —>• oo. 

Here, the electrons of charge e and mass m e are described by a density n(t, x) and an 
average velocity v(t,x). The constant equilibrium-charged density of ions and electrons is 
±eno- p denotes the pressure. 

Euler-Poisson system (11.111 describes the simplest two-fluid model in plasma physics. In 
this model, the ions are treated as immobile and only form a constant charged background 
no- The two-fluid models describe dynamics of two separate compressible fluids of ions 
and electrons interacting with their self-consistent electromagnetic field. As pointed in the 
classical book of Jackson [22 s P. 337], “The adiabatic law p = po(n/no ) can be assumed, but 
the customary accoustic value 7 = f for a gas of particles with 3 external, but no internal, 
degrees of freedom is not valid. The reason is that the frequency of the present density 
oscillations is much higher than the collision frequency, contrary to the acoustical limit. 
Consequently the one-dimensional nature of the density oscillations is maintained. A value 
of 7 appropriate to 1 translational degree of freedom must be used. Since 7 = (m + 2)/m, 
where m is the number of degrees of freedom, we have in this case 7 = 3.” We therefore 
concentrate in this paper on this most significant physical case, and assume the pressure 
is given by 

p( n ) = | n 3 . (1.2) 
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In 1998, Guo in [7] first studied Euler-Poisson system in three dimensional case. He ob¬ 
served that the linearized Euler-Poisson system for the electron fluid is the Klein-Gordon 
equation, due to plasma oscillations created by the electric field, and constructed the 
smooth irrotational solutions with small amplitude for all time (never develop shocks). 
This is a very surprising result compared to the work of Sideris m for pure Euler equa¬ 
tions, where the solutions will blow up even under small perturbations. It is the dispersive 
effect of the electric field that enhances the linear decay rate and prevents shock forma¬ 
tion. Note that the decay rate in the L°° — L 1 decay estimate for the linear Klein-Gordon 
equation is t - 2, which is integrable when d = 3. 

In lower dimension case (ID and 2D case), as the decay rate for the linearized Euler- 
Poisson equations is worse than 3D case, so that the construction of global smooth solution 
is much more challenging. In 2D case, the decay rate in the L°° — L 1 decay estimate is the 
borderline i _1 , so the main obstructions in the 2D Euler-Poisson system are slow (non- 
integrable) dispersion. Recently, smooth irrotational solutions for the 2D Euler-Poisson 
system m are constructed independently in HUES]. See also [23) i24] for related results 
on two dimensional case. 

Such an unexpected and subtle dispersive effect has been discovered and exploited in 
other two-fluid models, which leads to persistence of global smooth solutions and absence 
of shock formations. Among the results, we refer to E SIB® EMEU HZ1 IE]. 

It has remained as an outstanding question about whether or not shock formations can 
be suppressed in ID for any two-fluid model. For the Euler-Poisson system dm the linear 
time decay rate is merely of t -1 / 2 , and even for general ID scalar nonlinear Klein-Gordon 
equation, singularity (shock waves) might develop for small initial data [14J. Nevertheless, 
we settle this question in affirmative for the Euler-Poisson system with 7 = 3 by 
constructing global smooth solutions with small amplitude. To state precisely our result, 
we set all the physical constants m e , e, no and 47r to be one. From (|1.2|) . system m 
reduces to 

n t + {nv) x = 0, 

vt + vv x + nn x = ip x , (1.3) 

ipxx = n- 1. 

Moreover, if E := i^ x , system (11.31) can be further rewritten as 


Et + v + vE x — 0, 

Vt T E xx E T vv x T E X E XX — 0. 

From now on, we mainly focus on the above system. Let 

E v 

1 


(1.4) 


(1.5) 
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where ( d x ) := \J\ — <9J, then (11.41) can be written in an equivalent form 


/ 0 ( r \ _ ( 2 {dx)u r x 

1(4) o ){u)- \^[«4» 2 + ( r x) 2 ] 


( 1 . 6 ) 


Once we obtain global smooth solutions (r, u ) for system (ESI), then we also obtain 
smooth solutions (E,v) for system (11.41) by the relation (11.51) . and thus the density n in 

ESI) is n = 1 + ip xx = 1 + E x . 

The main result of the paper is stated in the following theorem. 


Theorem 1.1 Let N = 300, N\ = 15, 0 < po < 10 3 , U := ( r,u) T and T := td x + xdt. 
Then there exists eo = eo(Po) > 0 sufficiently small such that if 

l|£E0)M + ||X[/(0)||^ 1+1 + ||(O iVl+10 tEO)l|L- ^ e 0 , (1.7) 

the system ESI) admits a global solution U £ C(M + ; H N ) satisfying 

sup [(1 + t) P0 \\U(t)\\ H N + (1 + t) P0 ||n7(t)|| H Ar 1 + (1 + t) 1 / 2 ||C/(t)|| l yJV 1 + 10 .oo] < eo- 
t> o 

We remark that E3D implies the neutrality condition 

/ (n(0, x ) — 1 )dx = 0, 

Jr 

which is conserved for all time. The above theorem shows that under small perturbations 
around the equilibrium, system (11.31) still has a global smooth solution. However, unlike 
the 2D or 3D case, we can not obtain the usual scattering result for ID Euler-Poisson 
system. Instead, we will see that solutions approach to a nonlinear asymptotic state. To 
show this phenomenon, we set 

h = \ E ~ 2(51" = r + (L8) 

then system (11.61) is equivalent to the following complex-valued Klein-Gordon equation 

h t + i(d x )h =A(h + h) x (d x ){h -h) + [( d x ){h - h)} 2 - jpjp'.i 11 + h) x ] 2 . (1.9) 

By Shatah’s normal form transformation [26] , we may make a change of new unknown g 
(see ([4.31) 1 such that 

9 t + i{d x )g=M{h), (1.10) 

where the cubic term J\f{h) is given in (14.61) . In this work, we show that there exists a 
unique rcoo(^) € L°° such that 

snp[(l + t)^{0 Nl+1 °e^w(t,0 - uUOIM < ^ 
o 


3 






for some 6 > 0, where w := g is the linear profile of g, and i? is a real-valued 
function defined by (14.3711 . This result says the solution of the equation (11.91) tends to a 
nonlinear asymptotic state as time goes to infinity, thus such equation possesses a modified 
scattering behavior. Therefore, we extend the previous work on electron type Euler- 
Poisson system to one dimensional case. Together with the work m iEii25i, our result 
provides a complete picture of Klein-Gordon effect which prevents formation of small 
shocks in all physical dimensions for the Euler-Poisson system m- Moreover, even 
though ( 11.111 is a hyperbolic system of conservation (balance) law [ 2 ], the construction of its 
global BV solutions with small amplitude (hence uniqueness) has remained outstanding. 
Our result also demonstrates that the standard ID BV theory is not needed for small 
smooth initial data for dm and it is ill-suited to capture the delicate dispersive Klein- 
Gordon effect which prevents the shock formation. 

Our work is inspired by recent work of mrnrnm on water waves system, which 
depends on a delicate interplay between higher energy estimates and a low order L°° 
estimate. It is well-known that due to poor decay rate of f -1 / 2 , the classical energy estimate 
with quadratic nonlinearity is impossible to close, and it is necessary to perform the energy 
estimate in a new system with a cubic nonlinearity. In other words, one would wish to 
make an “energy normal form” transformation in the energy estimate. Unfortunately, 
Shatah’s normal form transformation introduces “loss” of derivatives. Even though it is 
sufficient for lower order L°° decay estimates, it is in general not compatible for high order 
energy estimate. As a matter of fact, such an “energy normal form” may not exist for 
general ID quasi-linear Klein-Gordon equations. 

Our first important step is the construction of an “energy normal form” transformation 
in Section 2. We follow the procedure in [jj, and the special structure with 7 = 3 enables 
us to discover subtle cancelations for the part of the quadratic terms Q — B (see Propo¬ 
sition [22]), during the Sobolev energy estimates. Meanwhile, we construct normal form 
transformations without “loss” of derivatives, which eliminates the other part of quadratic 
terms B (see Proposition 12.5H . In Section 2.4, we complete the whole process of higher 
order energy estimates (Proposition 12.1(1 . 

For the L°° decay estimate, we employ the following refined linear decay estimate for 
the solution g (see Lemma A.l), 

Ils'll-L 00 1$ (1 + t) 5 ||H|l°° + (1 + t) s (||u )||^2 + ||xu>||^i), V t ^ 0, (1-11) 

where w = e it ^ x/ g. It is important to note that — | < — so there is room for mild 
growth for ||w ;||#2 and ||xw||#i. Then it reduces to low order estimates for 11rcxw11and 
IKO^+^IIloo, respectively. 

The second important step is to estimate . In the work [T] and m, the 

crucial homogeneous scaling operator S = \tdt + xd x for the gravity water waves system 
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is employed. Unfortunately, in our problem, the natural operator F = td x — i(d x )x for 

the Klein-Gordon case, is not homogeneous. So the energy estimate fails for TU , as T 

could not commute with the nonlinear terms. Instead, we use the homogeneous vector 

field operator T = td x + xdt to perform energy estimate for TU. The key observation is 

the following relation between T and T, 

~ id id 

Fg = Tg- x(d t + i(d x ))g + j^g = Tg- xJ\f{h) + yc/- 

In Sections 3.1-3.3, we obtain energy estimate for TU by applying similar strategy as used 
in Section 2, see Proposition 13.11 In addition, using this modified normal form process, 
we also control the low energy estimate for xU in Section 3.4, which is necessary when 
estimating the difference between Tg and Tg. We establish that HxC/H^jVi grows almost 
linearly 

l|xC(4)||„„, <(l + t) 1+ » 

for po <C 1, see Proposition 13.21 Thanks again to the cubic structure of N(h ), it yields 
that \\xM(h)\\ HNl can be bounded by (1 + t) po , which is sufficient for our argument. In 
virtue of the identity 

(d x )(xw) = ie^^fg, 

we finally can able to control HxwH^jv! via the estimates of g, Tg and xN(h). The details 
are presented in Section 4.1. 

The estimate for ||(£) jVi+1 °'^’II l°° is carried out in Section 4.2 as an adaptation of the 
proof in mmmm- Through precise frequency decompositions and stationary phase 
analysis, we notice that a phase correction is needed to the leading order term and thus 
leads to the modified scattering behavior (^Proposition 14.51) . Using the above norms and 
am we close our decay argument in Section 4.3. 

Finally, the global existence result follows from (11.111) . Proposition 12.11 Propositions 
13.1113.21 and Proposition 14.11 

Notations: 

• The Fourier transform and Fourier inverse transform are defined by 

W)(0= [ e~ ix <f(x)dx = m, 

JR d 

{&~ l g){x) = (2v)~ d [ e ix <g{Odt. 

J R d 

• Assume / is a scalar function, V is a vector-valued function (or scalar function) and 
M (£i, £ 2 ) is a matrix symbol (or scalar symbol). Define the bilinear operator 

0\f,M]V:=-^ [ e*& + Mffa)Mfa,Z 2 )Vfa)dZidZ2- (1-12) 

Jr 2 

1 Tlie operator V was used in ll2l 113] to study the scattering behavior for cubic and quadratic nonlinear 
Klein-Gordon equation without derivatives. 
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• Let <p € Cj?°(R) be a radial function with the properties such that 0 ^ ip ^ 1, 
</?(£) = 1 for |£| ^ 5/4 and supple [—8/5,8/5]. Then for k £ Z, we write ipk{Q '■= 
ip{£,/2 k ) — < 6 £/ 2 fc_1 ). The dyadic frequency localization operator P\ is defined by 

Kho : =^(iei)7(0- 

Moreover, for a > 0 , we denote by P^a the projector with symbol </KI 6 / a )- 

• For any p £ {0}UN, we denote by C°(R) the space of bounded continuous functions, 
by C P (M) the space of C°(R) functions whose derivatives of order less or equal to p are in 
C°(R). 

. (d x ) := y^dl, (0 := y/lTe- 

2 Energy estimate 

Our aim in this section is to prove the following energy estimate. 

Proposition 2.1 Let U(t) £ C([0, T]; H N ) be the solution of system (11.611 . Assume (11.711 
holds and 


sup [(1 + t) P 0 \\U(t)\\ H N + (1 + t) 1 / 2 ||[/(t)|| l4 /Ar 1 + io,cx 3 ] < Cl, (2.1) 

te[o,T] 

where 0 < eo <S e\ <C 1, N = 300, N\ = 15 and 0 < po < 10~ 3 . Then we have 

sup [(1 + t) P 0 \\U(t)\\ H N] < eo + el, (2.2) 

te[o,T] 

where the implicit constant depends only on po. 

2.1 Decomposition of the nonlinear terms 

Fix a cut off function 0 £ C°°(M. x R) satisfying 

(1) There exist ei, e .2 such that 0 < 2ei < I 2 < 1/2 and 

0 ( 6 , 6 ) = 1 , 161 ^ 6161 , 

0(6,6) = °, 161 ^ 6|6I- 

(2) For any a, /3 € N U {0}, there holds 

l 5 a^(6,6)l < c a ,p(b)- a - p , v 6,6 € R. (2.4) 

(3) 9 satisfies the symmetry condition 

0 ( 6 , 6 ) = 0(-6, -6) = 0(-6,6)- (2-5) 
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Then we define the paraproduct Tfg and the remainder R B (f,g) as 


T f g := 7-^-2 [ e*^ 2) e(Su&)mM 2 )dSidt 2 , 

(2tt) 7r2 

h6(/,6 := t^T 2 / e“« 1+ « 2 )(l - 0(6,6) - 0(6,6))/(6)?(6R66- 

( 2 tt) Jr 2 

With this definition, for any / and g, we have the following Bony decomposition 


fg = T f g + T g f + R B (f,g). 


( 2 . 6 ) 


Let 


and 





(2.7) 


Q 1 ( 6 ) 6 ) 
< 22 ( 6 , 6 ) 
£1(6,6) 


/ 0 91(6,6)\ 

\ 94(6,6) 0 J 

( 92(6,6) 0 \ 

\ 0 93(6,6)/ 

/ 0 «i( 6 , 6 )\ 

\S4(6,6) 0 y 


£2(6,6) 


( ^2(6,6) 0 \ 

\ 0 5 3(6,6)/ 


0 2*6(6) 

-2i($i+g2)gl|2 n 

> (£ 1 + 62 ) / 


66 , 6 ), 


^ 6 ( 6 ) 0 \ 

n 2 j.( 6 + 6 )( 6 )( 6 ) 66 , 6 ), 

V U <&+&> / 


( 2 . 8 ) 

(2.9) 


0 *6 (6 A 

. 6+6) U / 


(1 - 0(6,6) - 0(6,6)), 
( 2 . 10 ) 

^ 6(ei) i(6+6)(6)(6)l (1 -66,6) -0(6,6)). 


V 0 


(a+^ 2 ) / 


( 2 . 11 ) 


By (11.121) and (12.61) . system (11.61) is then transformed into 


U t + DU = 0[r, Q\]U + <D[u, Q 2 ]U + 0[r, S^U + 0[u, S 2 ]U. (2.12) 

Here, Q \, Q 2 are the symbols of low-high interaction terms, with one local/global derivative 
on the function of high frequency, and Si, S- 2 are the symbols of nonlinear terms with high- 
high interactions. The low-high terms will cause loss of derivatives when performing energy 
estimate, so we shall do some modifications with these terms, see Proposition 12.21 in the 
next subsection. 


2.2 Modifying low-high interaction terms 

In this subsection, we prove 


7 










Proposition 2.2 Let Q\, Q 2 be given by (I2.8f) - (|2.9[) . Then there exist two matrices B\ 
and B 2 with the form 


( 0 fri(6,6)\ B _ ^2(6,6) 0 \ 

yM(Ci■ £ 2 ) 0 J \ 0 


(2.13) 


such that 


R e((d x ) N 0[r, Q 1 - B^U, (d x ) N U) = 0, (2.14) 

Re((d x ) N 0[u, Q 2 - B 2 ]U , (d x ) N U) = 0, (2.15) 

where (•, •) denotes the inner product of L 2 space. Moreover, for any a,/3 = 0,1, 

< (a) 2 , j = 1,2, 3,4, (2.16) 


and for any p ^ 3, 

||<0 :e >*0[/,.B 1 ]l7|| La + ||<a r )^[/,£ 2 ]U|| L2 < ||/||cp||t/||^- (2-17) 

To prove this proposition, one should use the following lemma. 

Lemma 2.3 J7J Assume f is a real-valued function, and M is a matrix. Then we have 
(0[f,M})* =0[f,M], M(£i,6) :=M T K^i+&), 

where M T is the transpose of M. 

Proof. By the definition of 0[f, M]W (see (11.121) 1. 

<?(0[f,M}W)(r 1 ) = [ f(QM&ri-Z)W(ri-QdZ. 

2vr Jjr 

Using the fact / is real-valued, we have 

(0[f,M}*V,W) = (V,0\f,M]W) 

= fn-n) ( J ^ 

= TTxi l + v)h-t;)mAij WWdtdri 

( 2 -kY 7 r2 

( J mM T (-tv)V( V - Y)df)wfn)dr, 

= (0[f,M]V,W), 

from which we can obtain the desired result M(£, rf) = £ + rf). □ 

We will also need the following anisotropic multiplier estimate. 
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Lemma 2.4 There holds 


||0[/,M]L|| i2(R) < ||M($,?7-^)|| £ ,o 0H i||/|| L oo (R) ||V r || £ ,2 (R) . (2.18) 

Similar estimates are also used in EDI an. The proof of this lemma is given in Lemma 
B.l of the appendix. 


Proof of Proposition \2.2l We rewrite equation (|2.14l) as 

0 =2Re((d x ) N 0[r, Q 1 - B X ]U, {d x ) N U) 

=((d x ) N 0[r , Q 1 - Bi\U, (d x ) N U) + {{d x ) N (D[r, Q 1 - B X \U, {d x ) N U) 
=((d x ) N 0[r,Q 1 - Bi\U, (d x ) N U) + ((d x ) N U, (d x ) N 0[r, Q\ - B^U) 
=((d x ) 2N 0[r, Qi - B^U, U) + ((d x ) 2N U,0[r, Q 1 - BJU) 

=((d x ) 2N 0[r,Q 1 - Bi\U,U) + (0[r,Q 1 - Btf {(d x ) 2N U) ,U). 

In order to prove ()2. 14f) . we only need to verify 

(d x ) 2N 0[r, Qi]U + 0[r, Qi]*((d x ) 2N U) = (d x ) 2N 0[r,B x ]U + O^Btf^d^U). (2.19) 

From Lemma 12.31 we see 

{d^OirMU = 0[r, (6 +&) 2N Qi(ti,b)]U, 

0[r, Qi]*((d x ) 2N U) = Q[r, (f 2 ) 2N Qf (~fi,Ti + &)]U. 


Define 


d (<-_ c \ _ (fi + &) 2N Qi{£i,&) + {&) 2N Qj (—£i,£i + £2) 

<£i + 6) 2iV + <6> 2JV 


( 2 . 20 ) 


then Bi(f\,f 2 ) = Bf(— £ 1,£1 + £ 2 )) and by Lemma [2.31 we have 0[r,B\] = 0[r,B\\*. 
With such choice of F?i(£i,£ 2 ), the identity (12.191) holds, and (12.141) thus follows. 
Similarly, in order to prove (12.151) . we only need to show 


(d x ) 2N 0[u, Q 2 ]U + 0[u, Q 2 }*((d x ) 2N U) = (d x ) 2N 0[u , B 2 ]U + 0[u , B 2 }*((d x ) 2N U). 


Define 


^2(^1,£2) 


(6 + 6) 2jV Q 2 (6,6) + (6) 2iV Q^(-gi,6 + 6) 

(6 + 6) 27V + (6) 2JV 


( 2 . 21 ) 


then we can check (D[u,B 2 \ = 0[u, B 2 ]* and (12.151) holds. 

In order to prove (|2.16l) . we should calculate bj(f 1 ,^ 2 ) (j = 1,2,3,4) carefully. From 
(12.131) . (12.201) . (12.81) and (12.51) . the expression for bi(fi,f 2 ) can be written as exactly as 




9 



























2^i 


' (6 + 6) 2JV + (6) 2JV 
2*£i 

((ei + 6) 2iV + (6> 2Ar )(6) 

2i£i£2 

“ ((6 + 6) 2iV + (6) 2Ar )(6} 
2i£i£2 

“ (<6 + 6> 2iV + <£2> 2Ar )<6> 

where 


(6 + 6) 2JV (6)0(£i, 6) - (£ 2 ) 2Jv 6( ^ 6) g(-£i,£i + £ 2 ) 

[(£i + £ 2 ) 2Ar (£ 2 ) 2 $(£i, £ 2 ) - (£ 2 ) 2Ar £ 2 (£i + £ 2 )0(£i, £1 + £ 2 )] 

[(£1 + £ 2 ) 2Ar £ 2 ^(£i, £ 2 ) - (£1 + £ 2 )£ 2 JV ^(£i ! £1 + £ 2 )] + n(£i, £ 2 ) 
x(£i>£ 2 ) + n(£i,£ 2 ), ( 2 . 22 ) 


x(£i>£ 2) : = (£1 + £ 2 ) 2Ar £2#(£i,£ 2 ) - (£1 + £ 2 )£ 2iV 6 , (£i ) £i + £2), 

n(£i,£ 2 ) := ^ 2 )((g 1 2 + 1 ^ 2 )2ivy^ 2 )2jv ) K£i + 6)™<6) 2 " (£1 + b) 2N g] 

_ 2i£i£ 2 (£i + £2)0(6,£1 + £2) ,,p \2 N _ c2ATi 
(£ 2 )((£i + £ 2 ) 27V + (£ 2 ) 2Ar ) ^ 2 J ' 


(2.23) 


We decompose x(£i > £2) into I\ + I 2 with 


h := ((£1 + £ 2 ) 2Ar £2 - (£1 + £2)£| iV )6 , (£i: £2), 
h ■= (£1 + £2)£2 Ar (^(£i> £2) - 0(6, £1 + £2))- 


Recall the bound (12.411 . For / 1 , it is easy to see 

< l^l^sl 2 ^, where |£i| < |£ 2 |, a,P = 0,1. (2.24) 

For I 2l note that 0(£i,£ 2 ) - 0(6,6 + £ 2 ) / 0 implies |£i| ~ |£ 2 |, then 

l^^ 2 I 2 | < |£i||£ 2 | 27V , a,p = 0, 1. (2.25) 

Also, a direct computation shows that the remainder ri(£i,£ 2 ) satisfies 

l< 9 £ din (6,6)1 < {^){^)~\ a,p = 0,1. (2.26) 

Therefore, we conclude from (|2.22I) - (I2.26I) that (12.1611 holds for j = 1. 

Similarly, using (12.20H . (12.2111 . (12.811 and ()2.9j) . the expressions for 64 ( 6 , £ 2 ), 62 (£i 5 £ 2 ), 
& 3 (£i, £ 2 ) in (12.131) are 


6 (£l , £2) 


6 (£l , £2) 
6 (£lj £2) 


2i£i 

(£1 + £ 2 ) 27V + (£ 2 ) 2Ar 


-<ei+«2> 2N ^±^»(ei,6) 

(£1 + £2) 

+ (£2) 2Ar (£i + £2)0(6,6 +£2) , 


2i(£i) 

(£i + £ 2 ) 27V + (£2> 27V 

2 i(£i) 

(£i + £ 2 ) 27V + (£2) 27V 


[(£1 + £2) 2JV £2#(£i,£2) - (£2) 2JV (£i + £2)0(6,£1 + £2)], 
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Using the function %(£i, £ 2 ) (see (12.2311 ), we have 

-2*6(6 + 6) 


6 ( 6 : 6 ) = 
6 ( 6 : 6 ) = 
6(6, £2) = 


«6 + 6> 2JV + (6) 2iV )<6 + 6> 

2 *( 6 > 


x(6:6) + *’4(6:6): 


(6 + 6) 27V + (6) 27V 
2 *(6)(6 + 6)6 


((6 + 6 ) 2JV + ( 6) 2iV )(6 + 6 )( 6 ) 


x(6:6) + *”2(6:6): 

x(6:6) + *■3(6:6), 


(2.27) 


where 


r4«i, h) = „ r 6 ^’ + i 2 !' 16 &) ,' [a+ 6 )“ - &+&n 


((6 + 6 ) 27V + ( 6) 2JV )(6 + 6 ) 
2*60(6:6 + 6) 


+ 


K 6) 2JV (6 + 6) 2 - 6 iV (6 + 6 ) 2 ], 


2N I 


((6 + 6 ) 2JV + ( 6) 2Ar )(6 + 6 ) 


2 *( 6 ) 60 ( 6 : 6 ) 


*■2(6:6) = ^+^T^[(6 + 6> 27V - (6 + 6) 27V ] 
2 *( 6)(6 + 6 ) 0 ( 6:6 + 6 ) 

K6) 27V — C 27V ] 


*■3(6:6) = 


(6 + 6) 2JV + (6) 2JV 

2 *( 6)(6 + 6 ) 0 ( 6 : 6 ) _ 

((6 + 6 ) 27V + ( 6> 2JV )(6 + 6 )( 6 ) 

2 *( 6 ) 60 ( 6:6 + 6) 


K 6 + 6 ) 2 iV ( 6) 2 -(6 + 6 ) 2 iV 6 2 ] 
K 6) 2JV (6 + 6 ) 2 - 6 2iV (6 + 6 ) 2 ]- 


«6 + 6 ) 2JV + ( 6) 2JV )<6 + 6 )( 6 ) 

With similar argument as above, we can obtain, for any a,j3 = 0,1 and j = 2,3,4, 


l«r i 8^r J (£ 1 .6)|<(£i)(&)- 1 , 

Therefore, the estimate ()2.16f) holds for all j, j = 1,2,3,4. 

Note that 

(d^Oif.B^u = -^( d x ) N [ e-« 1+ « 2 )/(6)5i(6,6)^(6)d606 
(2**)- J R 2 

= TTW f e “ Kl+6) ('W(6)M(6,6)(^u(6)0606 

(2*r) z J R 2 


with 


M(6,6) = { i \ + n / l 2 ll B 1(6,6), 161 « 161 - 


(6) P (6) JV 

In view of (12.161) . we have for p ^ 3, 

<6>" 


ll-^(6,6 — 6)IL°°i?i — 

62 €l 


_ ^ 1 ^iv® 1 (6:6 6)11^^ < ||(6) P IU 2 6 i- 
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So applying Lemma 12.41 yields 


\\(dx) N 0[f, Bi]U\\ L 2 < II/HcpII^IIhjv- 

Similarly, we can prove 

\\(dx) N Olf,B 2 ]U\\ L2 <\\f\\c4U\\ H »- 

Hence, (12.171) follows from these two estimates. This ends the proof of Proposition 12.21 □ 


2.3 Energy normal form transformation 

For the equation (12.121) . 

U t + DU = 0[r, Qi]U + 0[u, Q 2 ]U + 0[r, S^U + 0[u, S 2 ]U, (2.29) 

from Proposition 12.21 we notice that the low-high term 0[r,B\]U + 0[u,B 2 ]U, which is 
a part of 0[r,Q\]U + 0[u, Q 2 ]U, will not lead to loss of derivatives. Now we can use 
Shatah’s normal form method to eliminate this quadratic term. 


Proposition 2.5 There exist two matrices A\ and A 2 defined by 


Ai = 


0 




a 2 = 


a 2 {^i,^ 2 ) 


0 


^a 4 (£ 1,62) 0 J \ 0 03 (£1, £2), 

such that 

DO[r, A 2 }U - 0[{d x )r, AfiU - 0[r , A 2 \DU = -<D[r, B X \U , 
DO[u, Ai]U + 0[(d x )u, A 2 ]U - 0[u, A^DU = -0[u, B 2 ]U. 

Moreover, for any a, /3 = 0,1, we have 

^^(Ci^)! <(£i} 3 ; j = 1,2,3,4. 

Proof. Inserting (12.301) into (12.311) . we have 


/ 

J R 5 


1 + 52 ) 


r(£i) 


■ i 


= / e 


0 -(6 + £ 2 ) 03 ( 6 , 6 ) 

(Cl +C2)o2(£l,C2) 0 

( 0 (Ci)oi(CnC2)\ 

\(Cl)o4(Cl)C2) 0 J 

( 0 (£2)02 (Cl 5 £2) 

\(£2)a3(£l,£2) 0 

f ® ^1 (C 15 £ 2 )^ 


^(£1) £2) 


0 




U(f 2 )dfidf 2 
U {f 2 )dfidf 2 . 


(2.30) 


(2.31) 


(2.32) 
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Similarly, 


r 

J R 2 




“(&) 


+ 


■ L 


= / e 


*z(£i-K2) 


1 

«(Cl) 


-(6 + ^2)04(6)6) 0 

0 (6 + 6)01(6,6) 

/ (6)02(6,6) 0 \ 

\ 0 (6)03 (£1,6)/ 

/ (6)01(6,6) 0 

0 -(6)04(6,6) 

-6(6,6) 0 

0 - 6 ( 6 , 6 ) 


U (&)df;id£,2 
U(&)dZid£ 2 . 


Thus we obtain linear equations 


0 

^CN 

+ 

T 

uy 

-Uy 

T 


/aA 


&i (Ci, € 2 )^ 

0 (6 + 6) -(C 2 ) -(Ci) 


02 


“6(6,6) 

-(C 2 ) (Ci) 0 —(Ci + C 2 ) 


03 


-6(6,6) 

Uy 

uy 

0 

^T 

Uy 

+ 

Vy 


w 


y-6(6,6 )) 


The solution of the above system is 

«i =q [(-( 6) 2 + ( 6) 2 + (6 + 6 ) 2 ) • (( 6)6 - ( 6)6 + (6 + 6 ) 6 ) 

- 2(6)(Cl + 6) • ((6)6 + (6)6 - (Cl + C 2 )^ 2 )], 

a 2 =-Q [((Cl) 2 - (C 2) 2 - (Cl + C 2 ) 2 ) • ((6)6 - (6)6 - (Cl + 6)6) 

- 2(6)(Cl + C 2 ) • ((6)6 + (6)6 + (Cl + C 2 )^ 1 )] , 

a 3 =Q [((Cl) 2 - (C 2) 2 - (Cl + C 2 ) 2 ) • ((6)6 + (6)6 + (Cl + 6)6) 

- 2(C2)(Cl + C 2 ) • ((6)6 - (6)6 - (Cl + C 2 )^4)] , 

04 =-q [(“(Cl) 2 + (C2) 2 + (Cl + C2) 2 ) ' ((6)6 + (6)6 - (Cl + 6)6) 

- 2(C2)(Cl + C 2 ) • ((6)6 - (6)6 + (Cl + C 2 )^3)] , 


where G — 2Cf + 2C| + 2(Ci + C 2) 2 + 3 > 0. 

Now we prove (12.3211 . To this end, we first claim that, for any a, (3 = 0,1, 


I^6«Ci)MCi ; C 2))| < (Cl) 3 , 3 = 1,2, 3 , 4 , 
l^«6 + 6)6(6,6) - (6)6 (Ci, C2)) I < (Cl) 3 , 
l^i^f 2 ((C 2 )^ 3 (C i ,C 2 ) - (6 + 6)6(6,6))l 0 (C1) 3 , 
I 3 ei 9? 2 «6 + &>6(6,6) + (6)64(6, C 2 ))l 6 (C1) 3 , 
\ d z 1 d z 2 ((&) b i ( f . h &) + (6 + 6)6(6,6))l 6 (Ci) 3 - 


(2.33) 


(2.34) 


(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 
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Indeed, the bound (12.351) is a direct consequence of (12.16}) . The proofs for (|2. 361) (12.391) 
are similar, so we only show (12.361) . From (12.271) . we see 

/f > e\u re e\ / f \ u it t \ 2 *(Ci)((Ci +6)6 - (C2) 2 ) tf 

( 6 + 6 ) 63 ( 6 , 6 ) - {6)62(6,6) = « ft+f2) 2» + { &) 2 K)(&) X(6,&) {24()) 

+ (6 + 6) r 3(6i6) - (6) r 2(6>6)- 
Remember that |Ci| <C |^ 2 1- The bounds (12.241) and ()2.25|) imply 

l^9f 2 x(6,6)l < (6)(6) 2iV , a,/3 = 0,1. (2.41) 

Also, using (12.281) . we have 

l^af 2 ((ei +6)r 3 (6,6))l + |^ 1 ^ 2 ((6)r 2 (6,6))l < (6), a,P = 0,1. (2.42) 

Inserting the bounds (I2.41D - (I2.42D into (12.401) . we can obtain (12.361) as desired. Then from 
(12.341) and the bounds (I2.35I) - (I2.39D . it is easy to see (12.321) holds. This completes the 
proof of Proposition 12.51 □ 

Similarly, we also use normal form method to cancel the high-high quadratic term 
0[r, S\]U + 0[u, S 2 ]U. More precisely, we have 


Proposition 2.6 There exist two matrices C\ and C 2 defined by 


Ci 


/ 0 Ci(^i,^ 2 )\ 

\C4(6)6) 0 J 


such that 


C 2 


f c 2(^1,&) 0 \ 

\ 0 c 3 (^i,^ 2 )/ 


(2.43) 


DO[r, C 2 ]U - 0[(d x )r , CfiU - 0[r, C 2 ]DU = -0[r, SfiU, 
DO[u , CfiU + 0[(d x )u, C 2 ]U - 0[u, CfiDU = -0[u, S 2 ]U. 

Moreover, for any a, ft = 0, 1, we have 


\ d l d l c j\Z(ti) 3 , 3 = 1,2,3,4. (2.45) 

Proof. From (12.431) (12.441) . we obtain linear equations for ci, c 2 , c 3 and C 4 


-(6) 

(C2) 

-(Ci + C2) 

0 N 


/ C1 \ 


U\ 

0 

(6 + C2) 

-(6) 

-(Ci) 


C 2 


s 4 

-(6) 

(6) 

0 

-(Ci + C2) 


C 3 


S2 

y(Ci + 6) 

0 

(Ci) 

(C2) ) 


vv 


U/ 


where the definitions of ,s 1 , s 2 , s 3 and S 4 are given by (12.101) (12. 11 D . Clearly, the solution 
(ci, c 2 , c 3 , C4) is given by replacing bj with Sj (j = 1,2,3,4) in (12.341) . Moreover, in the 
support of 1 — 0 (C i,£ 2 ) — 0 (C 2) Ci)> there holds |Ci| ~ |£ 2 |. Hence, with similar argument 
as the proof of Proposition 12.51 the bound (12.451) can be obtained easily. □ 
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Now we define the energy normal form transformation 


4> := U + 0[u, Ai]U + Op, A 2 ]U + Op, Cip + 0[r, C 2 ]U, (2.46) 

so that 

q> t + D$ = U t + DU + DO[u, A X \U + DO[r, A 2 ]U + DO[u, Cip + DOp, C 2 ]U 
+ 0[ut, A^U + 0[u, A\\U t + 0[r t ,A 2 \U + 0[r, A 2 ]U t 
+ <D[ut, C\]U + 0[u, Ci]U t + 0[r t , C 2 ]U + 0[r, C 2 \U t . 

Moreover, by (I2.12|) . (11.61) . (12.311) and (|2.441) . we have 

+ £>$ = 0[r, Qi]C/ + DO[r, M 2 ]C - 0[r, A 2 ]DU - 0[(d x )r, Mi] [7 

+ Op, Q 2 }U + DO[u, A\]U - 0[u, A\]DU + 0[(d x )u, A 2 ]U 
+ Op, Sip + DO[r, C 2 ]U - <D[r , C 2 \DU - 0[{d x )r, Ci]U 
+ Op, S 2 ]U + DO[u, C'ip - Op, CijDU + 0[{d x )u, C 2 ]U 
+ ( 0[u, Ai] + 0[r , A 2 \ + 0[u, Ci] + 0[r, C 2 ])(0[r, Qip + 0[u, Q 2 ]C) 

+ (0[u, Mi] + 0[r, A 2 \ + 0[u, Ci] + 0[r, C 2 ])(0[r, Sip + C[u, S 2 ]E7) 

+ 0[-^-(((d x )u ) 2 + (r x ) 2 ), Mi]C7 + 0[2(a> r x , M 2 ]C 
+ 0[^y(((^)u) 2 + (r x ) 2 ), Ci]C + 0[2(9 X )« r x , C 2 ]U 

= Op, Qi - Bip + OP, Q 2 - B 2 ]U 
+ (OP, Mi] + OP M 2 ] + OP, Ci] + OP C 2 ])(0[r, QpJ + 0[u, Q 2 ]U) 

+ {op, Mi] + op m 2 ] + op, Ci] + op, c 2 ])(pp, s^u + op, S 2 p ) 

+ h + h, 

where 

h :=0[-^(((d x )u) 2 + (r x ) 2 ),Aip + 0[2(d x )ur x ,A 2 p, (2.47) 

I 2 := 0[-^(((d x )u) 2 + (r x ) 2 ), Cip + 0[2(d x )u r x , C 2 ]U. (2.48) 

Now using (|2.46l) . we conclude that 

+ D$ - OP, Qi - Bip - OP, Q 2 - B 2 p = I\+I 2 + I :i + h. (2.49) 
Here, p, I 2 are defined by (12.471) . (12.481) . respectively, and 

h :=-[Op,Qi} + OP,Q 2 ],OP,Ai] + Op,A 2 }}U, (2.50) 
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where the notation [•, •] denotes the commutator, and 

h ■■= ~(0[r, Qi] + 0[u, Q 2 ])(0 [u , Ci] + 0[r, C 2 ])U 
+ ( 0[u , Ci] + 0[r, C 2 ])(0[r, Qi] + 0[u, Q 2 ])U 

+ (0[r, Si] + 0[u, B 2 ])(0[u, A ± ]U + 0[r, A 2 ]U + 0[u, C X ]U + 0[r, C 2 }U ) 

+ (0[u, Ad + 0[r , A 2 ] + 0[u, Ci] + 0[r, C 2 ])(0[r, S^U + <D[u , S 2 ]U). 

2.4 Energy estimate 

Proposition 2.7 Solutions of the equation ()2.491) satisfy 

Proposition 12.71 will be proved by Lemmas I2.8I - I2.1T1 and Lemma 12451 
Lemma 2.8 Let A\ and A 2 be given by (12.301) . then for any p ^ 4, 

\\(d x ) N 0[f,A 1 ]U\\ L2 + \\{d x ) N 0[f, A 2 ]U \\ L 2 < \\f\\c P \\U\\ H N. (2.52) 

Proof. The proof is similar to ()2.17l) . By the definition of 0[u, A\\U, we have 

(d x ) N 0[f,A l ]U = -^{d x ) N [ e^ 1+ « 2 )/(ei)4i(6,6)C/(6)^i^2 

( 27r ) J R 2 

= 2 , 

(2vr Y y R 2 

where 

1)6) = l&l <c l&l- 

Note that (12.301) and (j 2.321) imply 

11^(6,6-6)11^ < IK£i> 3 “1l* < 1, p> 4. 

s .2 ?1 

Using Lemma 12.41 we thus obtain 

iKe.poi/, Ajt/iiiJ < ii/iicfiivii**. 

The estimate for \\0[f,A 2 ]U\\ H N is the same. □ 

As a direct consequence of Lemma 12.81 we have 

Lemma 2.9 For any a E N, we have 

\\{d x ) N 0[(d x ) a f, Ai]U\\ L 2 + \\(d x ) N 0[(d x ) a f,A 2 ]U\\ L2 < ||/|| c * + 4||C||^. (2.53) 

Moreover, with the same argument as Lemma 12.81 we can obtain the following lemma. 
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Lemma 2.10 Let Q± and Q 2 be defined by (|2.8I) - (12.91) . then for any pfi 2, there holds 


\\(dx) N 0[f-,Q i]U\\ L 2 + \\(d x ) N 0[f,Q 2 ]U\\ L 2 < \\f\\cp\\U\\ H N+i. (2.54) 

According to (12.31) . the support of 1 —#(6)6) — 66)6) satisfies |6| ~ |^ 2 1- Therefore, 
we have the following results called “derivative sharing” lemma. 

Lemma 2.11 For any p, p £ N, p + p = N + 2, then 

\\(d x ) N 0[f,Ci]U\\ L 2 + \\(d x ) N 0[f,C 2 ]U\\ L 2 < \\f\\ CP+ 4U\\H», (2.55) 

\\{dx) N 0[f, Si]U\\ L 2 + \\(d x ) N 0[f,S 2 \U\\ L 2 < ||/|| OP+2 ||t/||^, (2.56) 


where C \, C 2 and S±, S 2 are defined by ([2.431) and (12.101) (12.111) . respectively. 
Proof. For j = 1,2, we have 


(d x ) N 0[f,Cj}U = j^(d x ) N [ 
(2vrj z Jr 2 


Let 


(2vr) 2 

Mj(6>6) = 


f e «(ft+e a )(^2 /( ^ 

J K 2 


(6 + 6 ) JV Cj'(f 1 , 6 ) 


(6 + 6)^6? (6> 6) 


(£ i ) p+2 (66 

from (12.431) and (12.451) . it is easy to see 


(66 +2 <66 

> 161 ~ 161) j = i) 2 ) 


{d x )»Ufa)dSid£ 2 . 


Il^j(6,6 6)11 II ^ (^)p+2^ 2 _ ^ ~ 1; - 7 2 - 


(2.57) 


Hence, the desired estimate (12.551) follows from (12.57P and Lemma 12.41 The proof for 
(12.561) is similar as above. □ 


Lemma 2.12 Let 

0[h,f 2 ,M}V(x ):=—^ f 

(27T) d JR3 

i/ien rce hawe 

||0[/ 1 ,/ 2 ,M]1/|| L 2 (k) < ||M(|,r ? -6a-r 7 )|| L?OH i^||/ 1 ||^||/2||^||H|| L 2 . 

This lemma can be proved by applying similar argument as the proof of Lemma 12.41 
The following two lemmas are crucial in proving Lemma 12.151 below. 

Lemma 2.13 Assume |6|> \v\ <C |6I> then for any a,/3 ,7 = 0, 1, we have 

l^i^f 2 (^ 1 (6)6) + <? 4 (6)6))l 6 (6): 

( 92 ( 676 ) - 93 ( 6 ) 6 ))! 6 (6)> 
l^ 5 6 5 6 (^( 7 7 ’ 6 + 6 )- 9 i(r?, 6 ))l 6 6 X 6 ), j = 1,2, 3 , 4 . 
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(2.58) 

(2.59) 

(2.60) 
























From the definitions (I2.8D — (I2.9f) . one can easily obtain the bounds (12.58D — (12.601) . 


Lemma 2.14 Assume |Ci|, \rj\ IC 2 I, then for any a, /3 ,7 = 0 , 1, we have 

l^i^f 2 ( ai ( 6 ) 6 ) + a 4 ( 6 )C 2 ))l < (£i) 4 ( 6 )~\ (2.61) 

~ a 3(£i,6))l ^ ( 6 ) 4 ( 6 ) _1 ) (2.62) 

|3“^ i ^ 2 (a j (^ i ,77 + ^ 2 ) - aj^ 1 ^ 2 ))! < (??)( 6 ) 3 ( 6 ) _1 , 3 = 1,2,3,4. (2.63) 

Proof. It follows from (I2.34|) that 

ai(£i,6) + « 4 (Ci, £2) 

= -q ( (Ci) 2 + (C2) 2 + (6 + C2) 2 - 2 (6)(?i + 6)) • ((Ci)6i - (6)^2 + (6 + 6)^3) 

+ ^(-(Ci) 2 + (C2) 2 + (Ci + C2} 2 - 2(6)(Ci + C2)) • ((£1)64 + ^2)63 - (Ci + ^2)^2)- 

Recall that G = 2Cf + 2C| + 2(Ci +C 2) 2 + 3. Now, using (12.3511 (12.3711 . we can obtain (12.6111 
as desired. The proof of (12.621) is similar, so we skip it. By observing the structure of the 

expressions for a*, we see that in order to prove (12.63[1 . it suffices to show 

l 5 «i 5 f 2 (MC 1 ^ + C 2 )-MC 1 ,C 2 ))l < (r?)(Ci) 2 (C 2 ) _1 , j = 1 , 2 ,3,4, 
\ d % d Z 1 d J 2 [(&+& + r l) h 3(tl,& + 1 7 ) - (C 2 + ?7)&2 (Cl, C 2 + T}) 

- (Cl + C 2 >& 3 (Cl, C2) + (C2>^2(Cl, C2)]| < (77)(Cl) 3 (C2> _1 , 
\d°dj! i dj 2 [{& + ri)b 3 (£,i,&+v) ~ (Ci + C2 + 77)62(6, C2 + 77) 

- (C2)^* 3 (Cl3 C2) + (Cl + C2)6>2(Cl5 C2)] | 6 (t?) (Cl) 3 (C2> _1 , 


and 

\ d v d L d U^ + C 2 + 77 )& 4 (Ci,C 2 + 7 ?) + (C2 + 77)61 (Ci, C2 + 77) 

- (Ci + C2)64(Ci,C2) - (C2) 6 >i(Ci, C2)]I < (77)(Ci) 3 (C2) 1 , 
l^^?i^&[(C 2 + 77)64 (Ci,C 2 + 77) + (Ci + C2 + 77)61 (Ci, C2 + 77) 

- (C2)64(Ci5 C2) - (Ci + C2>t’i(Ci, C2)]I < (77)(Ci) 3 (C2) 1 • 

These estimates follow by (12.221) . (12.271) and an elementary but tedious computation. We 


omit the details for simplicity. □ 

Lemma 2.15 The following four commutator estimates hold: 

||[0[r,Qi],0[u,A 1 ]]l7|| H tf < IMIc 5 IM|c 5 ll^ll/RO (2-64) 

\\[0[r,Q 1 ],0[r,A 2 ]]U\\ H n < \\r\\ 2 c5 \\U\\ HN , (2.65) 

|| [0[u, Q 2 ],0 [u , Aj]] U\\ h n < \\uf c5 \\U\\ h n , (2.66) 

\\[0{u,Q 2 ],0[r,A 2 }\U\\ H N < IM| c b|M| c b||E/|| h *. (2.67) 
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Proof. We first show (|2.64p . Note that 

0[r,Qi\(0[u,Ai]U) = -^3 [ - £i)U (£ 2 - £i)<M£: 1^2 

(^ 7r ) JR 3 

= 7A3 f e i <^i+^)f(r ? He 1 )Qi(r / ,6+6)^i(6,6)^(6)«i^ 2 , 

( 2 ^)^ Jr 3 

and 

0 [u,Ai](0[r,Qi]C7) = —i -3 [ e tx ^ 1+ ^ 2 ' > u(^ 1 )A 1 ^ 1 ,^ 2 )r(ri)Qi(r],^2-v)U{^2-v)dvd4id^2 

( 27r ) J R 3 

= T^TW / e“ (T?+ ^ 1 + 6 ) f(7?)u(Ci)^i(6,6 + r])Qi('n,&)U(&)drid£, 1 d&, 

( 2 -kY J r 3 

Hence, we obtain 

[ 0 [r,Q 1 ], 0 [ U ,A 1 ]]tf = 7 l J [ e ix ^ v+ ^ 1 + ^r(r])u(fi)Mi(r], £1, £2)!/ (£ 2 )df7(i£id£2, 

l Z7r j JR 3 

where 


^i 07 >£i>£ 2 ) := Qi(»7,€1 + £2)^1 (£1,62) - ^i(£i,£ 2 + ^)Qi(r/,6)- (2.68) 

Prom the support property of Qi and Hi, we know that the support of M(r/, £1 ,£ 2 ) satisfies 
1 7 /|, |£i| <C |£ 2 |. Using this fact, in order to prove (12.641) . it suffices to show 

\ d n d L % Ml fa£i>£ 2 )l i$ (£i) 4 (»7) 4 . a,P, 7 = 0,1. (2.69) 

Indeed, if (12.691) holds, we have 

|3“d£Mi(7/,6-?7,£ 2 -£i)| < (£1 - ??) 4 (??> 4 , a, P = 0,1, 

then according to Lemma 12.121 the estimate (12.641) thus follows. 

To prove (12.691) . we decompose the symbol M\ into Mu + M 12 + M 13 with 


-Mii(77,£i,£ 2 ) 

Mi 2 (??,£i,£ 2 ) 

Mi 3 (77,£i,£ 2 ) 


(Qi(» 7 j £1 + £2) - Ql(^,£2))^l(£l,£2), 
(4i(£i,£ 2 ) - -Ai (£ 1,£2 + v))Qi(v,&), 
£M??,£ 2 ) 4 i(£i,£ 2 ) - ^ 4 i(£i?£2 )Qi(»?,£2) 



(Qi(v, £ 2 ) 04 ( 6 , £ 2 ) - qi(r], £ 2 ) 01 ( 6 , £ 2 ))- 


For the symbol Mu, we use (12.321) and (12.601) . then 


< <77><£i> 4 - 


For M 12 , by (12.81) and (12.631) . it is easy to see 

|^ i ^ 2 M 12 (7 7 ,£i,£ 2 )|<(7 ? ) 2 (£i) 3 . 
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For the last symbol M 13 , we note that 


qi(v, 6 ) 04 ( 6 , 6 ) - q4(v,&)ai(£i,&) = (<?i(??, 6 ) + 94(?/,6))«4(6,6) 

- 94(??,6)(ai(6,6) + 04 ( 6 ^ 2 )), 

then it can be inferred from (12.581) . (|2.32l) . (I2.6ip and (12.81) that 

\ d % d idl 2 M i3(y,ti,&)\ < K(6) 4 - 

Combing the above three bounds yield (12.691) . This finishes the proof of (12.641) . 

We then turn to show (12.65j) — (12.671) . Notice that 

[0{r, Qi], 0[r, A 2 ]] U = ^3 J e ix ^ + ^?(r,)r(^)M 2 ( 77 , 6 , 

[0[u, Q 2 ],0 [u , A x ]] U = ^3 ^ e “^+^)u(r ? )u( 6 )M 3 ( ?? , 6 , 

[OK Q 2 ], 0[r, A 2 ]] U := ^3 ^ e“^ + ^K(r ? )f( 6 )M 4 ( 7 ? , £1 , 6 M 6 )« 1 ^ 2 , 

where 


-M2O7,6)6) : = QiC 7 ?;Ci + ?2)A 2 (Ci,6) - ^2 (£1,62 + v)Qi( r )i&), 

■= Q2(r)i£i + 6)^4i(?i>6) - -4i(Ci>6 + v)Q2{v,&), 

^4(77,6, £2) = Qiijiiii + £2)2l 2 (£i,£2) - ^2(6, £2 + v)Q2{v,&)- 

Applying Lemma [2.121 and repeating similar argument as proof of (I2.69p . (12.651) (12.67p 
can be proved as desired. Since the proof is very similar to the symbol (12.681) . we omit 
further details. □ 

Proof of Proposition \ 2. T\ Performing energy estimate at H N level for (|2.49l) , we have 

Re((d x ) N <S> t + (d x ) N D$, (d x ) N $) - R e((d x ) N 0[r, Q 1 - B^, (, d x ) N *) 

- R e((d x ) N 0[u, Q 2 - B 2 ]$, (d x ) N $) = R e((d x ) N (h +I 2 + h + I 4 ), (d x ) N $), (2.70) 

where 

Re((d x ) N <S> t , (d x ) N $) = ~||$||^, Re((d x ) N D§, (d x ) N <5>) = 0, (2.71) 

and from (|2.14fl (12.151) . 

Re((d x ) N 0[r, Q 1 - B^, (d x ) N <Z>) = 0, R e((d x ) N 0[u, Q 2 - B 2 \$, (d x ) N $) = 0. (2.72) 

It remains to estimate the nonlinear terms in the right hand side of (12.701) . 
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First, we consider I\. From (12.471) and (12.531) . 


\Re((d x ) N h,(d x ) N *)\ < |((4) JV 0[^|y(((4 }^) 2 + (r :c ) 2 ),A 1 ]C/,(5 x ) Ar $}| 

+ \((d x ) N 0[2(d x )u r x ,A 2 ]U,(d x ) N $)\ 

<(lk 2 |lc 5 + lk 2 llc 5 + ll™|lc5)l|t/||^ll^ll^ 

<(llic 5 + IHIc0 2 riltfHI*ll/Fv. (2.73) 

Similarly, from (|2.48[) and (I2.55p . there holds 

\Re((d x ) N I 2 , (d x ) N *)\ < (||r || c5 + (2.74) 

Next, we consider I 4 . Decompose I 4 (see (12.511) 1 into I 41 + -Z 42 + I 43 + 144 + 145 with 

/41 := ~(0[r, Qi] + 0[u , Q 2 ])(0[u, Ci] + 0[r, C 2 ])U , 

1 42 ■= ( 0[u , Ci] + 0[r, C 2 })(0[r , Qi] + 0[u , Q 2 ])U, 

1 43 ■■= {0[r,B 1 ]+0[u,B 2 ]){0[u,A 1 ]U + 0[r,A 2 ]U), 
h 4 := (0[r,B 1 ]+0[ii,S 2 ])(0[u,C'i]E7 + 0[r,C' 2 ]t/), 

/ 45 := (0[u, ^ 1 ] + 0[r, A 2 \ + 0[u , Ci] + 0[r, C 2 ])(0[r, Si]C + 0[u, S 2 }U). 

From Lemma 12. 101 and Lemma 12.111 

|Re(( 9 a; ) Ar / 4 1 , (<9 a -) iV< L)| < (||r , ||c '5 + ||?r||f; 5 )||(C[n, Ci] + 0[r, C 2 ])U\\ h n+i || < h||^jv, 

<(lklb 5 + lkllc0 2 ni^ll^ll^, (2.75) 

\Re((d x ) N h 2 ,(d x ) N *)\<(\\r\\ c5 + ||u|| 08 )||(0[r > g 1 ] + 0[«,Q 2 ])C7||**_i||*||^, 

<(lkllc 5 + Nlc 5 ) 2 ril^PII^. (2.76) 

From (12. 17[) and Lemma 12.81 we have 

\Re((d x ) N h 3 ,(d x ) N $)\ < ||(C[r,R 1 ]+CKR 2 ])(CK^ 1 ]C + C[r,7l 2 ]t/)|| HJ v||4>|| HJ v 

<(lkllc 5 + hllc5)l|CK7li]t/ + C[r,A 2 ]C|| HJ v||ci>|| H 5 

<(lklb 5 + Nb 5 |l) 2 ni^ll^ll^- (2.77) 

For the terms 144 and Z 45 , we use ()2. 171) , Lemma 12.81 and Lemma 12.111 to obtain 

|Re«a !E ) Ar /44, (d x ) N *)\ < (Hr-llcB + \\u\\ c5 )\\0[u, Ci]C/ + 0[r, C 2 ]U\\ HN ||$||^ 

<(lkllc 6 + ll«llc5) 2 ||C|| H iv||4>|| HJ v, (2.78) 

|Re((9 x ) JV I 45 , (<? X ) JV $)| < (||r , ||c >5 + |M|c 5 )||C , It', Si]U + 0[u, S 2 ]U\\ h n H^H^jv 

<(\\r\\c^ + \H\c^nU\\ HN \m HN . (2.79) 


21 
























At last, we consider the term I 3 (see (|2. 501) 1. which is a commutator operator. Indeed, 
applying Lemma 12.151 we see 

\Re((d x ) N I 3 , (d x ) N $)\ < (||r || C 5 + ||u|| c 5 ) 2 ||t/||^||<h||^. (2.80) 

Now, combing the estimates (12.70D — (12.801) . we obtain 

<\m 2 c5 \\uMnH^ 

This ends the proof of Proposition 12.71 □ 

Finally, we prove the energy estimate stated at the beginning of this section. 

Proof of Proposition \2.1\ It follows from (12.46[) , Lemma 12.81 and Lemma 12.111 that 

ii^wii^< \\um H » + rct)ib5 mmH», 

and equally 

\\U(t)\\ H N < ||$(t)|| H JV + \\U(t)\\ C s\\U(t)\\ H N . 

Using (EH, we notice that if e\ is sufficiently small, then 

ll^)lk-<ll^)lk-<l|t/(Olk-- 

Hence, Proposition 12.71 and the a-priori bound ( 12 . 11 ) yield 

Integrating this estimate and using (HD, we deduce the desired bound ( 12 . 21 ) . □ 

3 Low energy estimate for YU and xU 

In this section, we will prove the following two propositions, which lead to the low energy 
estimate ( H Nl norm) of TU = (xdt + td x )U and xU, where N\ <C N. 

Proposition 3.1 Let U(t) € C([0,T}\ H n ) be the solution of system (11.61) . Assume (11.71) 
holds and 


sup [(1 + + (1 + t )- po || r [/( t )||„» 1 

te[o,T] 

+ (1 + f) 1 ^ 2 ||(7(f)|| M /J v i+ io .oo] < ei, (3-1) 

where N\ = 15 , N = 300, 0 < po < 10~ 3 and 0 < eo <C ei <C 1. then 

sup [(1+ t)" P0 ||rU(f)|| H iv 1 ] <e 0 + e?. (3.2) 

te[o,T] 
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Proposition 3.2 Under the same assumptions as Proposition [3711 we have 

sup \\xU(t)\\ HNl < ei(l + f) 1+P0 . 
te [ o , T ] 


(3.3) 


In the following, Sections 3.1-3.3 are devoted to proving ProDosition l3.ll and Proposi¬ 
tion liP2l is proved in Section 3.4. 

3.1 Shatah’s normal form for quadratic terms without loss of derivatives 

To prove Proposition l3.il we have to derive the equation for YU. Recall the Euler-Poisson 
system 


r\ 0 -<4>\ / r \ = //i 

u ! l(d s ) 0 j \u) l h t 


2(44 r x 

^m)uf + (r r ) 2 ]. 


For simplicity, we write the above system as 

U t + DU = {hJ 2 ) T . 


(3.4) 


(3.5) 


Operating T on both sides of the system m , then using the relations 

[P ,4] = -4, \r,dt] = -d x , [r,( 4 )] = ^y 4 , [r ,-^ = 


we obtain equations for Pr, Tu 


Tr\ / 0 -(4>\ IYr 
rJ 1(4) o J l Yu. 


2{d x )(Yu) r x + 2 (d x )u (Yr] 


2 d x 


x ' + rn + (g " 


[ d x ) [(^r) 44(^4 + (rV)x?"x] J yg'2 j \[/‘2 ) 

where g[ = g[(r,u), g 2 = g' 2 (r,u) are quadratic terms without containing Tr and Tit, 
g[(r,u) := - 2 (r x ) 2 - 2{{d x )uf + [(r x ) 2 + ((44)4 


g' 2 {r,u) := - (r x (d x )u) + ^3 ((4)4(44) - j^(r x (d x )u x ), 


and g” = g'{(r,u), g 2 = g 2 (r,u) are cubic terms, 


g”(r,u) := - 4 r x ((d x )u) 2 + 2r xl ^—[(r x ) 2 + ((44) 2 ], 


( d x 

n( \ 44 .. \ 2 /q \ 1 1 ^4 

92 ^ u)= ~-{ 4) [(ra; ) ( ^ H+ (4) 


JL 

(< %y- 


■[( r x ) 2 + {{d x )u) 2 ]{d x )u 


4 4 

(d tv ^\4)^)x^’x] [4x^"xx T (d x )u(dx)u x )(d x )u\ 


23 

















Since our aim is to estimate \\FU\\ h n 1 (recall that N± <C N), we simply decompose the 
quadratic terms g[, g' 2 into 


(g'i, 9 2 ) T = 0 [i 


0 

, 94 ( 6 , 6 ) 



]U + 0[r, 



with 


(6 + 6 ) 


91 ( 6 , 6 ) : = - 2 ( 6 )( 6 ) — 
94 ( 6 , 6 ) : 

92 ( 6 , 6 ) : 

93 ( 6 , 6 ) : 


(6 + 6) 2 

<6 + 6) 2 


( 6 ) ( 6 ), 


3(6 + 6)(6)6 , (6)(6) 


+ 


(6 + 6) 3 


+ 


26 & + 


(6 + 6) 2 
3(6 + 6)6(6) 


(6 + 6 ) 


+ 


( 6 ) 2 ( 6 ) 

(6 + 6) 3 


+ 


6 ( 6)6 

(6 + 6 ) 3 ’ 


66 ( 6 ) 

(6 + 6 ) 3 ' 


For the terms including Tr and ru, we use similar decomposition as in Section 2.1, 


( 2(d x ){Tu) r x + 2 (d x )u (rr)* \ = f F[\ f F?\ 

\fe[( a;r )( ru )( 9;r )“ + ( rr )x^] / \^2/ V2/ 

with F’- = Fj(Tr, Fu, r, u) and F” = Fj(Tr, Fit, r, u) (j = 1, 2) defined by 

(F[,F^) t : = 0 (r,Q 1 )rU + 0 (u,Q 2 )rU + 0 (r,S 1 )rU + 0 (u,S 2 )rU, ( 3 . 6 ) 

(F[', F") T : = 0 (Tr, Ch)U + 0 (Tu, Q 2 )U + 0 (Tr, Si)U + 0 (Tu, S 2 )U, ( 3 . 7 ) 


where the matrices Q 1 , Q 2 , S 1 and S 2 are given in (|2.8D - (I2.11D . In conclusion, we obtain 
(F U) t + DTU = ( F[,F') t + (F",F"f + (6,92) T + (3-8) 

From m, we see the quadratic terms F" (Tr,Fu,r,u) and F 2 (Tr,Tu,r,u) will not 
lead to loss of derivatives when taking the F[ Nl norm energy estimate, since Tr and Tit 
have lower frequencies compared to U. Notice also that the quadratic terms g[(r, u) and 
g 2 (r, u) do not contain Tr and Tu. For these reasons, we only need to take Shatah’s normal 
form transformation 


n :=TU + 0[r , G\]U + Q[u, G 2 ]U + 0[Tu, H { ]U + 0[Tr, H 2 ]U 


(3.9) 


for the system (|3.8ft to cancel g[(r,u), g 2 (r,u), F”(Tr,Tu,r,u) and F 2 (Tr, Tu, r, u) . Sim¬ 
ilar to (12.31ft . the matrices G\, G 2 could be obtained from the equations 


-(g[,g 2 y = DO[r, G\]U - 0[{d x )r , G 2 \U - 0[r, G^DU 

+ DO[u, G 2 ]U + 0[(d x )u, Gi]U - 0[u, G 2 ]DU , 


(3.10) 
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(3.11) 


and Hi, H 2 can be determined by 

-(Fi, F%) t = DO[Tu, H{\U + 0[(d x )Yu, H 2 ]U - Q[Yu , Hi]DU 
+ DO[Yr, H 2 ]U - 0[(d x )Tr, Hi]U - Q[Yr, H 2 ]DU. 

Indeed, the elements of G 1 , G 2 (or Hi, H 2 ) satisfy similar linear equations as (12.331) . which 
can be uniquely solved as (12.341) . Now using (13.41) . (13.51) and (13.81) (13.111) . we reduce (13.81) 
to 

n t + Dn = (F[,F! t ) T + (gi,g 2 ) T , (3.12) 

where (F[,F 2 ) T is given as (13.61) . and gi(r, u, Tr, Tu), g 2 (r, u,Yr,Yu ) are cubic terms taking 
the following form 

(gi,g 2 f :=(0[/i, Gr] + 0\f 2 , G 2 ])U + ( 0[r, Gi] + Q[u, G 2 ])(fi, f*) T 

+ Q[F ' + F» + g' 2 + g" 2 , Hi]U + Q[F[ + F" + g\ + g'(, H 2 ]U (3.13) 
+ (0[Tu, Hi)] + 0[Tr, H 2 ])(f l ,f 2 ) T + {g'{,&) T . 

Moreover, according to the properties of the symbols Gi, G 2 , H\ and H- 2 , we clearly have 
\\0[f,Gi]V\\ HNl + \\0[f,G 2 ]V\\ HNl < \\f\\c4V\\ H N + \\f\\ H N\\V\\ c5 , 
\\0[f,Hi]V\\ HNl + \\0[f,H 2 ]V\\ HNl < \\f\\ H 4V\\ C N 1+5 . l > ] 


3.2 Energy normal form for quadratic terms with Tr and Tu 


Note that the quadratic terms _F{(rr, Tu, r, it) and F^rr, Tit, ryu) in ()3. 121) will lead to 
loss of derivatives in energy estimate for TU, as in these terms YU has higher frequencies 
compared to U. So in this subsection, we apply similar modified normal form process as 
in Section 2 to eliminate the derivative quadratic terms F[ and F' 2 in (13.121) . Taking the 
energy normal form transformation 

n :=n + 0[u, Ai]YU + 0[r, A 2 ]YU + Q[u, Ci]YU + Q[r, C 2 ]YU, (3.15) 


where Ai, A 2 , C\, C 2 are completely the same as those defined in (|2.30p and (|2.43l) . By 
repeating similar process as (12.491) . we can obtain the equation for Yl 

n t + DYl = 0[r, Qi - Bi]YU + 0[u, Q 2 - B 2 ]YU + (gi,g 2 ) T 

+ (0[f 2 ,Ai\+0[fi,A 2 ])YU + (0[f 2 ,Ci\ + 0[fi,C 2 ])YU 

rr, (3.16) 

+ (G[u, Ai\ + 0[r, A 2 ])(F[ + F\ + g[ + g”,F 2 + F" + g 2 + g 2 ) 

+ {0[u, Ci] + 0[r, C 2 ])(F[ + F" + g[ + g",F 2 + F” + g' 2 + g 2 ) T , 

where fi,f 2 , F{,F 2 , F”,F 2 and gi,g 2 are defined by (13.41) . (13.61) . ()3.7D and (13.131) . respec¬ 
tively. From (13.91) and (13.151) . we have 

n = YU + Q[r, Gi]U + 0[u, G 2 ]U + Q[Yu, Hi]U + 0[Yr, H 2 )U 

+ Q[u, Ai]YU + 0[r, A 2 ]YU + 0[u, Ci)YU + Q[r, C 2 ]YU. '' ' ' 
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Using (13.171) . we rewrite the equation (13.161) as 

+ DYl — 0[r, Q\ — B\]Yl — 0[u, Q 2 — -62]!! = J\ + J 2 + </ 3 + J 4 + (gi, 52)^; (3.18) 

where 

Jr := [0[u, Ai\ + 0[r, A 2 ),0[r, Qi] + C[u, Q 2 ]] YU, 

J 2 := - (0[r, Qi - Bf + Q[u, Q 2 - B 2 ])( 0 [r, G X ]U + Q[u, G 2 ]U) 

+ (0[u, A\\ + 0[r,A 2 ] + 0[u, Ci] + 0[r,C 2 ])(g[ + 51, g 2 + g 2 ) T , 

J 3 :=(C7[r, i?i] + 0[u, B 2 })(0[u , 4 X ] + 0[r, A 2 ] + 0[u, Ci] + 0[r, C 2 ])VU 

- (0[r, Qi] + C[u, Q 2 ])(0[u, Ci] + 0[r, C 2 ])FU + ( Q[u , Ci] + G[r, C 2 ])(F [, F'f 
+ (0[u, 4i] + C[r, A 2 ])(0[u, 5i] + 0[r, S 2 ])Tt/ 

+ (C[f 2 , Ai] + o[/i, A 2 ])m + (o[/ 2 , Cl] + o[/i, c 2 ])rc, 

J 4 := - (0[r, Qi - By] + C[u, Q 2 - S 2 ])(0[Tu, Ri]C + 0[Vr, H 2 ]U ) 

+ (0[u, 4i] + 0[r, A 2 ] + C[u, Ci] + 0[r, C 2 ])(C", C") T . 

3.3 Low energy estimate for YU 

Proof of Proposition \3.1\ The energy estimate for (13.181) is similar to (12.49[) . Taking energy 
estimate at H Nl level for (13.181) , we have 

Re((d x ) N 'n t + (d x ) Nl Dtt - (d x ) Nl (0[r, Qi - By] - 0[u,Q 2 - R 2 ])9, (d x ) N 1 9) 

= Re((^) iVl («/i + J 2 + J 3 + Ji) + Re((d x ) Nl ( 9 i,g 2 ) T , (d x ) Nl Yl). 

Clearly, there holds 

Re((d x ) N 'n t ,(d x ) Ni n) = ^Iinn^, Re((d x ) N ' dyi, (d x ) N 'ty =o. 

Moreover, from (|2. 141) (12.15D . 

Re((a ;r ) JVl (C[r,Qi - B 1 ] + Q[u,Q 2 - B 2 ]Yl ), {d x ) Nl Sl) = 0. 

For J \, we use Lemma 12.151 to obtain 

|((4) iVl Ji,(4) iVl ^)| < \\u\\ 2 c 5 \\ru\\ HNl Iinn^. 

Note that all the terms in J 2 are cubic terms containing only r,u , from (12.171) . Lemmas 
12.8112. Ill and (13.141) . we have 

|<<a r )^ 2 ,<a r ) iVl 9)| < 11^11^117/11^11911^. 

Similar to the estimates for I \, I 2 and I 4 in (12.491) . the term J3 can be bounded by 

\(d x ) Nl J 3 , (d x ) Nl Yl)\ < \\U\\ 2 c 5 \\TU\\ HNl M HNl . 
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Note that all the terms containing TU in J4 has lower frequencies compared to U, so 


Similarly, using (13. 1411 , we obtain 

< nc/ii^^dirc/H^ + 11 ^ 11 ^) 11011 ^. 

Therefore, we conclude that 

^l|S!|l*», < l|E / llc» 1 +»(l|r£ / lb»i + l|tf|lH») < e?(l + O'"- 1 . (3.19) 

where we have used (13.IK in the last step. Note that from (I3.14K . (13.IK and (I2.52K (I2.55K . 
we have 

I \0[r, G 1 ]U\\ h n 1 + || 0[u, G 2 ]U\\ hNi < 11 U 11 C 5 \\U\\ HN < ef(l +< ef, 

WO[Tu, Hi]U\\ h n 1 + || 0[Tr, H 2 ]U\\ hNi < Hn/H^ \\U\\ c n 1+9 < e?(l + < ef, 

\\0[u,A 1 )TU\\ hNi + \\0[r,A 2 }TU\\ HNl < \\U\\ c 4TU\\ hNi < ef 
WO^C^TUWhn, + WO[r,C 2 ]TU\\ HNl < \\U\\ c5 \\TU\\ hNi < ef. 

Hence, we deduce from (13.17K that 

ll^ll/pd ^5 l|r i J7|| jH -jv 1 + ef, llrf'll^iV! < IIHU^atj +ef. 

Integrating (13. 19[) and using (11.7K . we obtain 

\\TU\\h"i <eo + (l + t) Po ef. 

Proposition 13.II thus follows. □ 

3.4 Low energy estimate for xU 

In this subsection, we aim to prove Proposition 13.21 Using the identities 

M«] = 0, [*,<«.>] = (|y, 

we see xr and xu satisfy 

fxr\ ( 0 -(<9 X )\ /xr\ _ / (xr) x (d x )u + r x (d x )(xu) \ /ivA 

\xu) t \(d x ) 0 J [xuj \^[(xr) x r x \ + -^j[(d x )(xu)(d x )u]J [N^J ’ 

(3.20) 

where N' = N'-{r,u ) (j = 1,2) are linear and quadratic terms not including xr and xu, 

N[(r,u) = -pfru - r(d x )u + r x -^-u, 

{Ox/ {Ox/ 
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N' 2 (r,u) = - 


d. 


-r — 


d x , v d x 
' -(rr x ) + 


Or 


-u({d x )u)\ - 


-\r x ) 2 ~ 


ipxY (d x ) v ' XJ 1 (dx} l (d x )~ y ^ x, " n (d x ) 3 ( d x ) 3 

As in (I3.6p . the first nonlinear term in (13.201) can be decomposed into 


((dx)u) 


( xr) x (d x )u + r x (d x )(xu ) 
v (^) [( Xr )a:' r .'E] + - 0 ^[(d x )(xu)(d x )u]^ 


Fi(xr, ant, r, it 
F 2 (xr, xu, r, u 



F[(xr, xu, r, u) 
F 2 (xr, xu, r, u) 


with 


(F 1 ,F 2 ) t = 0[r, QijxU + 0[u, Q 2 ]xU + 0[r, S^xU + 0[u, S 2 ]xU, 
(F[,F^) t = <D[xr, QijU + 0[xu, Q 2 ]U + 0[xr, S X ]U + 0[xu, S 2 ]U. 


Note that F\(xr, xu, r, u) and F 2 (xr, xu, r, u) will lead to loss of derivatives for the energy 
estimate, as xU has higher frequencies compared to r and u. In order to treat this case, 
we take energy normal form transformation similar to ([3.151) . Let 


0 : = X U + ^(0[u,A{\xU + 0[r,A 2 ]xU + 0[u,Ci]xU + 0[r,C 2 ]xU) 
+ ^(0[xu, H\]U + 0[xr, H 2 )U), 


(3.21) 


where Hi and H 2 are the same as (13.91) . then (13.201) is changed into 


®t + DQ = i 0[r, Qi - Bi]xU + ~0[u , Q 2 - B 2 }xU + {N[,N^) t 
+ ±(0\f 2 ,Ai}+ 0[h,A 2 ] + 0[f 2 , Ci] + 0[fi,C 2 ])xU 
+ l -(0[u, A,] + 0[r, A 2 ])(i(F! + F[) + N[, 1 -{F 2 + F 2 ) + N'f 
+ l -{0[u, C X ] + 0[r, C 2 ])( l -(Fi + F[) + N[, 1 -{F 2 + F 2 ) + N' 2 ) t 
+ ^(0[xu,H 1 ]+0[xr,H 2 ])(f 1 ,f 2 ) T 

+ + f 2 ) + K, Hi] + o[\yi + f[) + n[,h 2 ])u. 

Similar to (13.181) . we can obtain 


®t + DQ - X -0\r, Q\ - B{\e - \[u, Q 2 - B 2 ]Q = Li + L 2 + L 3 , (3.22) 


where 


Li :=^[£>[u,A i] +e>[r,A 2 ],0[r,<3i] + 0[u,Q 2 ]\xU, 

L 2 :=(N [, N’ 2 ) T + l(0[u, A x ] + <D[r, A 2 ] + 0[u, C x \ + 0[r, C 2 })(N [, N’ 2 ) T 
+ l -{0[N' 2 ,H l ]+0[N' l ,H 2 ])U, 
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L 3 := - \(0[r, Qi - 0i] + 0{u, Q 2 - B 2 ])(0[u, 0i] + 0[r, C 2 ])xU 
- ^(0[r, Qi - Bi] + 0[u, Q 2 - B 2 ])(0[xu, 0,] + 0[xr, # 2 ])0 
+ i(0[r, Si] + 0[u, B 2 ])(0[u, Ai] + 0[r, A 2 ])xU 

+ \(0[u,A 1 }+0[r,A 2 })(0[r,S 1 ]+0[u,S 2 })xU + \(0[u,A 1 }+0[r,A 2 ])(F{,F^ T 

+ ±{<D[u, Ci] + 0[r, C 2 ])(Fi + F(, F 2 + F') r 

+ i(0[/ 2 , A,] + 0[/i, A 2 ] + 0[/ 2 , Ci] + 0[/i, 0 2 ])x0 

+ l -{0[xu, H,\ + 0[xr, tf 2 ])(/i, / 2 ) T + J(0[F 2 + F', /0] + 0[Fi + F(, tf 2 ])0. 

Remember that, there are linear terms in N[ and N! 2 . Now, applying similar argument as 
Section 3.3, we can obtain 

|«3 z ) JVl i 1 ,<5 x ) JVl 0)| < WUWcsWxUWn^WQWnN!, 

\((dx) Nl L 2 ,(d x ) N '&)\ < (||0|| H tf + \\U\\c4U\\h» + 11^11^11011^)11011^, 
K(^) JVl L 3 ,(^) JVl 0)| < 11011^11x011^11011^. 

Therefore, the H Nl energy estimate for ()3.22f) is 

|ll©ll^l < 11011^+911x011^ + ||0||^||0||^ + ||0||^ 

<e^(l + t) i ||x0|| H Jv 1 + ei(l + t) po . 

Note that (13.211) implies ]|cc0||_ H -iv 1 ~ ||©|| j h-jv 1 if e\ is small enough, so we have 

|||S||„». < ef(1 + i)- 1 ||e||„» 1 + €i(l +1)». 

Using Gronwalhs inequality, we obtain 

11x011^ ~ 11 © 11 h n i < eo(l + tf* + er(l + i) 1+Po < efil + t) 1+ ^ 
provided that e\ is sufficiently small. This ends the proof of Proposition 13.21 

4 Modified scattering and decay estimate 

In this section, we will prove Proposition 14. II below. Recalling (11.81) and (11.91) . we have 

ht + i(d x )h = (h + h) x (d x )(h-h) + ^^[(4)(/i-^)] 2 - ;jr||w[(/i + 7i) i .] 2 

= 0[h, q ++ ]h + 0[h, q + -]h + 0[h, q~]h, (4.1) 
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where the expressions for the symbols q ++ , q + and q are 


9 ++ (?,») := 

:= - 4^_<ow + 4t V”’ 

<r-{^) := + 4±> 


(4.2) 


We first apply Shatah’s normal form transformation to eliminate the quadratic terms in 
the equation m- Let 


g := h + 0[h,b ++ }h + 0[h,b + -]h + 0[h,b—]h = h+ Y 0[h L \ b LlL2 ]h i2 , 

LlL2€A 


where A := {++, H—,-}, h + := h, h := h and 

iq ili2 (£, rj) 


b L 1 L 2 (Z,v) ■■= 


L\l 2 € A. 


{t+v) - H<£> - L- 2 (v) 

We remark that for any £, ?] € M, 

!(£ + »/> ± (0 ± (»7>| > ((C + v) + (0 + ( ? ?)) _1 > o. 
By (14.31) and (14.41) . equation m is changed into 

9t + i(d x )g = A f(h), 

where A f(h) denotes cubic nonlinear term, 
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A f(h):= Y 0[0[h Ll ,q LlL2 ]h L2 ,b ++ }h+ Y 0[h,b+ + ]0[h u \q^ 2 }h L 

LlL2^h- L\L2£zh- 

+ Y 0[0[h L \q LlL2 ]h L2 ,b + -}h+ Y 0[h,b + -]0[h^,q^]h^ 

L 1 L 2 £A L\L2€ih. 

+ Y C)[0[h il , q Llb2 ]h L2 , b ]h + Y ]0[h L1 , q u ^]h i2 . 

Let w be the linear profile of g, that is 

w(t) :=^ a ^g{t), 

then from (|4.5I) . w satishes 

vh = e u ^\d t + i(d x ))g = e u ^Af{h). 


(4.3) 


(4.4) 


(4.5) 


(4.6) 


(4.7) 


(4.8) 


Now we state the main result of this section. 
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Proposition 4.1 Let h G C([0, T]; H N ) be the solution of (14.11) . and g,w be given by 
m , dm), respectively. Assume that 

I|/*(0)||h" + ll^( 0)||^ 1+1 + ||(O iVl+ 10 ^ 0 )||L- ^ eo, (4.9) 

and 

sup [(i + t)-»||Mt)lli,» + (1 + f) _po l|rMt )||„» 1 + ||(£) N ' + 1 < >ffl(i)||L» 

te[o,T] 

+ (l+t) 1 / 2 || h (t)|| \yN 1 +10,oo ] ^ ei, (4.10) 

where N = 300, N\ = 15, 0 < po < 1CT 3 and 0 < eo <C e\ -C 1. Then we have 

sup [(1+ t) _po ||x'«;(t)|+jv 1 - 4 ] < e 0 + ef, (4.11) 

t£[0,T] 

sup ||(^) JVl + 10 u;(t)|| ioo < e 0 + ef, (4.12) 

te[o,T] 

sup [(l + t) 1 / 2 |+(t)|| ^/iVp+io.oo] < e 0 + ej. (4-13) 

te[o,T] 

To prove Proposition l4.il we need to construct a new linear dispersive estimate for the 

solution of 531- 

Lemma 4.2 For all t ^ 0, there holds that 

l|e ±W /||L~ < (1 + r 1 / 2 ||/||L~ + (1 + t)- 5 /\\\f \\ H2 + \\xf\\ m ). (4.14) 

The proof for this estimate is given in Lemma A.l of the appendix. Let f = w (or 
w) in (I4.14p , Lemma 14.21 shows that the L°° norm of the solution g is controlled by the 
L°° norm of w and the Sobolev norms of w and xw. The estimates for these norms are 
presented in the following subsections. 

4.1 Proof of 04. lip 

We need the following isotropic multiplier estimate for 0[h 11 , q ili2 \h i2 and J\f(h). 

Lemma 4.3 Let be a Fourier multiplier satisfying 

ll m |I.L 2 (R 2 ) + 11777.11^ 2 (jr 2) + ||<9 2 m|| L 2( K 2) < 1, (4-15) 

then for any po, pi, p 2 G [1, +oo] with p^ 1 = pf 1 + pf , we have 

l|£ ) [/l, m ]/ 2 ||l,P 0 (R) < ||/l||z,Pl(R)||/ 2 ||z,P 2 (M). 

For the proof of this multiplier lemma, see Lemma B.2 in the appendix. 
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Lemma 4.4 Under the same assumptions as Proposition ^. 1\ there hold 

\\0[h L \b LlL2 ]h L2 \\ H N-5 <e?(l + t) P0 ~ 1/2 , (4.16) 

\\0{K\b^ 2 ]h i2 \\ W N 1+ ^ < Cl (l + ty°/ 2 - 1 / 4 \\h\\ W N 1+ io,oo, (4.17) 

\\TO[h l \ b^ 2 \hf 2 H ^-6 <el(l + ty o - 1/2 , (4.18) 

where i\i 2 € A = {++,H—,-}. Moreover, we have 

||xA^(/z)|| fl -jv 1 -5 <ef(l + l) po . (4.19) 


Proof. It follows from (14.101) that 

~ £ i(l + t) PO i llrhlltf^ < ei(l + t) P0 , IlhH^jVi+io.oo < ei(l + t) 1 ^. (4.20) 

By the definition (11.121) . 

&{(d x ) N ~ b O[V\b^}h*m = 77 - / rn l ' 1, ' 2 (£ - r],r])((£ - r]) N + (r]) N )h L1 (£ - ri)h L 2 (ri)dri 

( 0 N - 5 bf-V*(Z-TI,Tl) 


with 


m ilL2 (£ — r /, 77 ) : = 


Note that 


cf c >“ 2 


{i - ri) N + (r]) N 
max((( + 77 ), (£), (?y)), ax, a 2 ^ 0 , 


(4.21) 


A£ + V) ± (0 ± {i)_ 

then we deduce from (14.21) and (14.41) that 

|< 9 “ 1 < 9 “ 2 & tlt 2 (£, 77 )| < (max((£ + 77 ), (£), (t?))) 3 . (4.22) 

In view of (I4.22|) . it is easy to check that ?n tlt2 (£, rj) satisfies (14.151) . then Lemma f4 . 31 shows 
|| <D[h* ,b™]h L2 \\ HN -* < H^II^II^IU" + W'WlA^Wh" < e i(l + f) P0-1/2 , (4.23) 


where we have used (14.201) in the last step. Hence, the bound (14.161) follows. 

For (14.171) , using the interpolation inequality, 

< \\htfl^\\h\\ l il^ < e i(l + t)>’" /2 - 1/4 , 

then by Lemma 14.31 we have 

||0[^6 tlt2 ]h t2 || w 7V 1+ lO,oo < ||h|| L oc||h|| wJ V 1 + 15,oc <Cl(l+tr /2 - 1/4 ||h||L-. 

To prove f|4.18D . we first consider the case i\L 2 = ++. A direct computation gives 

&{TO[h,b ++ )h){0 =^{O[Th,b ++ ]h){0 + ^( 0 [h,b ++ ]Th){£) 

+ 77 ~ d/:b ++ (£-r],ri)tit{Z-ri)h(ri)dr) 

^ Jr 

+ 7 ^ ^(<%& ++ (£ ~v,v) + d v b ++ (£ - r ], rj))h (f - rj)h t (ri)dr]. 

(4.24) 
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Prom the equation (14.111 and the bound (14.20j) . it is easy to see 

H^llifiV- 1 < £i(l + t) P0 , IIMi 00 ~ £ l(l + *) 1 ^ 2 - 
Then using (I4.22[) — ()4.24[) and Lemma I4.3[ we obtain 

\\TO[h, b ++ ]h\\ H N 1 ~5 < Hr/iH^i ll^llvy^i’ 00 + ll^tll/P^i II^IU 00 + H^tlU 00 IHIh^i 

<e?(l + tr~ 1/2 , 

which proves (14.181) for i.\i 2 = ++. The proof for i\i 2 = 4—,-is the same as above. 

In order to prove (|4.19D . it suffices to show that each term in (14.61) satisfies the bound 
(14. 1911 . Here, we only consider the term 0[0[h, q ++ ]h, b ++ ]h in detail. Note that 

&(0[0[h,q ++ ]h,b ++ ]h)(£) = ^~ [ b ++ (7 h f - r,)^(0[h,q ++ ]h)( V )(^h)(f - r,)dr,. 

^ Jr 

Applying d | to this identity yields 

xO[0[h, q ++ ]h, b ++ ]h = A 1 + A 2 , 


where 

Ai(0 -7T [ d^b ++ (ri,C ~ r])^(0[h,q ++ }h){q)(^h)^ - rj)dr], 

2vr J R 

^ 2(0 := 7T f b ++ (r],C - r])^(0[h,q ++ ]h)(r])d^h)(C ~ v)dv- 
^ Jr 

Then using Lemma 14.31 (14.201) , (14.22[) and (14.211 , we have 

11^1 I \h N l~ s ~ \\£ > [h,q + + }h\\ H N 1 \\h\\ W N 1 ,oo < II^II^JVi+ 10,00 H^llffJV <ef(l+f) P0 1 - 

For the term A 2 , Proposition 13.21 and (11.811 yield 

ll^ll^i ~ WxUWhn, < ei(l + t) 1+po , 

hence, we obtain 

II^H^i-s < \\0[h,q ++ ]h\\ W N 1 ,oo\\xh\\ H N 1 < H/iH^/^+ 10 , 00 II^II/jjvi < ef(l+t) po . 
Therefore, we conclude that 

I \xO[0[h, q ++ }h , b ++ ]h\\ H N 1 -5 < ef (1 + t) po , 

and the desired bound ()4. 19f) thus follows. □ 


Proof of (14.1111 . To estimate xw , an important tool is introducing the vector filed 


T := td x - i{d x )x, 


(4.25) 
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which satisfies 


(OdfiJM &g) = e^&pg). (4.26) 

Thus, ||ccw;||# a +i ~ ||r 5 || Hs . Moreover, the relationship between T and the homogeneous 
vector field operator T = xdt + td x is 

,— 2 ^ 

= Fg - x(d t + i(d x ))g + j^g = Tg- xM{h) + —yfic 

Using the bounds (|2.2D . (13.21) . (14.161) and (14.181) . we deduce 

\\g\\H»->< Mh»s+ E \\O[V\b^]h^\\ HN -s<(e 0 + el)(l + tr, (4.27) 

1112SA 

lir^llH^-5 < \\Th\\ HNl -5 + E ||r0 [W\b™}h*\\ HNl - 5 < (eo + e?)(l + tf°. 

i 1 ^ 26 A 

Hence, combining (14.191) and the above estimates, we obtain 

lirsllffWi-* < 11^11^-5 + \\xj\f (h)|| h n i~ 5 + IlffllfCh-s < ( e o + e?)(l + t) po - 

Thanks to the identity (I4.26p . there holds 

\\xuj\\h n i-4 = llr^ll^iVi-s < (eo + e?)(l + t) po . 

The proof of (14.111) is completed. □ 

4.2 Proof of (14421) 

Now we consider the L°° bound for w in low order norm and present the proof of (14.121) . 
Indeed, we will be devoted in proving a more stronger result in this subsection. 

Proposition 4.5 Under the same assumption as Proposition ^. 1\ there exists 5 > 0 such 
that 

sup (1 +t l ) s \\(0 Nl+1 °e i ^w(t 1 ,0 - (0 JVl+1 °e^ 2 ’°^ 2 ,0IU- < el (4.28) 

0^1 

where w is defined by (02D, and d is a real-valued function given by (14.371) . 

Once Theorem o is proved, the above proposition implies that the function 

^) Nl+10 e i ^w(t,^) 

forms a Cauchy family as t —>• oo in L°°, so there exists a unique Woo(fi) G L°° such that 

sup[(l +t) s \\(0 Nl+W e i ^w(t,0 - uUm^} < eo. 
t^o 
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This result says the solution of the equation (14.51) tends to a nonlinear asymptotic state as 
t —> oo, thus such equation possesses a modified scattering behavior with corrected phase 
t ,£). Assuming Proposition 14.51 holds, we now show the proof of (14.121) . 


Proof of (14.121) . By setting t\ = 0 and t 2 = t in the estimate (I4.28p . we see 

sup \\(0 Nl+10 w(t,mL~ <el + ||(O iVl+10 MO)ll^ =el + ||<^ 1+10 <rtO)||L~, 
te[o,T] 

then the bound (14.121) follows immediately, provided that we can show 

\m Nl+W 9(0)\\L~<eo. (4.29) 

Indeed, note that from (14.31) . 

g{ 0) = h 0 + O[h 0 , b ++ ]h 0 + O[h 0 , b + ~]h 0 + O[h 0 , b ]h 0 , h 0 := /t(0). 

Using the initial bound (14.91) . we deduce that, for all i\i 2 € A, 

Therefore, the bound (14.291) follows from the above estimate and (14.91) . □ 

From now on, we concentrate on the proof of Proposition 14.51 Rewrite the nonlinear 
term of the equation (14.51) as 

M(h) = M{g) + Mr , Mr := M(h) - M(g), (4.30) 

then the profile w satisfies 

vh = j t{dx) M(g) + e a ^M R , (4.31) 

where M(g) denotes cubic term and Mr is quartic term. From the definition (14.61) . the 
first nonlinear term in the RHS of (14.311) can be expanded as 

e it{ °M\g)(0 ■■= i(2ir)- 2 [I++-(t, 0 + I + —(t, 0 + I +++ {t , 0 + I (t, 01 

where 

P lL2L3 (t,0 := f c tlt2t3 (£, rj, (t,£ — rj)w L2 (t, g — a)w L3 (t, a)dgda 

J R 2 

(4.32) 

with t\t 2 ^‘i € Pf := {+ H—, H-, + + +,-} and w + := w, w~ := w. If there is no 

confusion occurs, we also simply write (14.321) as 

T lt2t3 = [ c tlt2t3 e iiViytl ‘ 2 ‘ 3 u/i(e - 77)rU2(? ? - a)w^(a)drida. 

J R 2 
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The phase ’F 11 ' -2 '' 3 is defined by 


r) := (0 - ii(£- ??) - t 2 (?? - er) - i 3 (cr), 


(4.33) 


and the symbols c tlt2t3 are 

ic ++_ (C,r/,cr) :=6 ++ (t7,£ - r?)g + "(r/ - cr, cr) + 6 ++ (£ - rj,r])q + ~(r] - a, a) 


+ b + {^-a,a)q ++ (^- 7 j,ij-a) + b + {i~q,q)q + (-77,77-77) 

+ b~~ (£ - cr, a)q (77 - 0 a - 77) + b (cr, £ - cr)g~" (77 - £, cr - 77 ) 


ic + (£,77,0-) :=fe ++ (?7,£ - 77)5 (77 - 77,77) + 6 ++ (£ - 77,77)5 (77 - cr, cr) 


+ 6 + (C-cr,cr)g + (£ - 77, 77 - cr) + 6 + (£ - 77, 77)g ++ (c7 - 77,-cr) 

+ (£ - cr, 0-)<2 + ~ (77 - 77,77 - £) + b (cr, £ - cr)g+- (cr - 77,77 - £), 


*c +++ (£, 77,77) :=6 ++ (t7, £ - t?)<7 ++ (t 7 - a, a) + 6 ++ (£ - 77, t7)<7 ++ (t 7 - cr, cr) 

+ k +_ (£ - V,V)q-~{<r ~ V, ~cr), 

ic (0 ^ cr) :=b + ~ (£ - cr, cr)q~~ (£ - 77,77 - a) + (f - cr, cr)q ++ (77 - 0 a - 77) 

+ &~“(cr, £ - cr)g+ + (r7 -£,cr- 77), 

where ( 7 ilt2 and b LlL2 are given by (|4.2D and ()4.4I) . Therefore, we conclude that 


™t(i,0 = £ i(2 7 r)- 2 T lt2t3 (t,0+e^ > W,0- 


(4.34) 


tl C2 rz&SC 

For the phase 'F tlt2t3 , we can compute the space-time resonance set (ED 



Indeed, it is easy to check that the only space-time resonance is in the case t\L 2 I 3 = +4—, 
and the resonant set is (£, 77 , 77 ) = (£,0, —£). A direct computation gives 


c *(0 :=c ++ "(e, 0,-0 


=e 2 2(0 - 


( 2(0 + ( 20 )-(( 0 ( 2 Q +0 + ( 0 2 ) 2 
6 ( 0(20 


. ((0(20-(e) 2 -e 2 ) 2 i (435) 
+ 2(2(0 + (20)(0(20 2 ' 


thus 


C*(0) = c|(0) = 0, |c*(0| < ^ 2 (0 3 , |c|(OI < I0(0 3 - (4.36) 


Dehne 



(4.37) 
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then it follows from (14.34[) and (14.3711 that 

dtie^w^O] + 


= _L P »(«) 

4t r 2 


I++-(t,0-27r 


c*(0(£) 3 HLQ| 2 ^(L0 

1 + t 


+ [J + “(*,0 + J +++ (U) +1 (*,£)] 

+ e «(t.O e ft<£>^(i^). 

Now we make frequency decomposition. Let 

JR 2 

■ P kl w L1 (s,£- rj)P k2 w U2 {s,'q - cr)P k3 w l *(s,a)dr)da, 

where 

:= C 11 < " 2< ' 3 (^, 77 , O')(£ — 77)(77 — <T)(/?fe 3 ((T). 
For our proof, it is sufficient to use the following bound for this symbol 

|5“ i a“ 2 a“ 3 c™ 3 (^7?,a)| < 2 5m -( fe i- fc 2^3) +) ai ' a ^ a z > 0 , 


(4.38) 


(4.39) 


(4.40) 


where a+ := max{a, 0}. (I4.4UD can be obtained from the definitions of c blb2b3 and a direct 
computation. The detailed expressions of c blb2b3 won’t play an important role in our 
succeeding arguments. 

In virtue of (I4.38I1 - (I4.39I1 . in order to prove (I4.28D . it suffices to prove there exists 5 > 0 
such that 


E , 

fci,A:2,fc3EZ 


rt 2 






c*(C)(Q 3 Pk 1 w(s,^)Pk 2 w(s,C)Pk 3 w(s,-C) 

s + 1 

< 3n— Smi)—(N 3 +10)k+ 

r b e l Z Z > 


ds 

(4.41) 


and for € {4-, + + +,-}, 

E | f 2 ^ {S,0l kZkS s ^) ds | £ e?2- 5m 2-(^+ 10 ) fe +, (4.42) 

fci.fcz.fesez 

where |£| ~ 2 fc , k € Z, and t\,t 2 € [2 m — 2,2 m+1 ] n [0,T], rri = 1,2,3,--- . Moreover, we 
shall also prove 

<£>* 1+10 f 2 e i ^e is ^Af R (s,0ds < ef(l + ii)" 5 . 

Iti 

To prove these bounds, we need some basic estimates for the localized function 
which are given in the following lemma. 
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Lemma 4.6 With the same assumption as Proposition \4-l\ we have 


II^'IIl- <ei2" (iVl+10)fc+ , (4.43) 

WdzPwWv < ei2 Pom 2 ~^ Nl ~ 4 ' )k+ , (4.44) 

\\P k w\\v<e 1 V» m 2-( N - 5 '> k +, (4.45) 

\\ e ±is ^P kW \\ L oo < ei 2 ~ m !\ (4.46) 

\\ e ±is(d x )p kU ^ Loo < e l2 fc 2 -(JV 1 +io)fc+ j (4.47) 

|| e ±is<a a: >p fcl(; || i2 < ei2 fc/2 2 — (JVi+10)fc +) (4.48) 

||d s i^|| L 2 < e 3 2 Pom 2 -m 2 -(iV-7)fe +) (4.49) 

where s € [2 m — 2,2 m+1 ], m £ N and k + = maxjfc, 0}. 


Proof. The bounds (14.4311 . (14.4411 follow from (I4.10H . (14.1111 . respectively. Using (14.31) . 
(14.1611 and (14.10[) . we can obtain 

\\w\\ h n- 5 < ei(l + t) po , (4.50) 


which gives (14.4511 . The bound (I4.46H follows from (14.1411 . (I4.10H . (14.1111 and (14.5011 . Note 
that 


0 ±is(d x ) 


P M = 77 - 


2vr 


[ e ix te ±is ®P k w(s,0d£ < \\P k w\\i 

J K 


then (I4.47H follows from (14.431) . The estimate (14.481) is proved by the Plancherel’s identity, 
Cauchy-Schwarz inequality and (14.4311 . For (14.491) . we can obtain from (14.611 and (14.811 that 


w\\h n ~7 — \\J\f(h)\\ H N-7 < ||h||^jv 1+ io,cx> <ef(l + s) 1+po , 


so the desired bound (14.491) follows easily. □ 

We first show the bounds (14.41 p and (I4.42p in two simpler cases. 


Lemma 4.7 The bounds (14.411) and (|4.42l) hold if we take the sum over those (k\,k 2 ,ks) 
satisfying 


min(&i, & 2 , k%) ^ —4m or max(fci, At 2 , ^ 3 ) ^ m/200 — 100. (4-51) 

Proof. Using (|4.40j) . (14.4511 and Cauchy-Schwarz inequality, we see that 

|jCU2(-3 ( s £)| <g3 2 3po m 2 ’5max(U,fc 2 43)+ . 2 min(fci,fc 2 ,A:3)/2 - 

(N— 5)min(fei,fe2,fc3)+ . 2 ~(JV— 5)med(fei,fc2,fc3)+ . 2 ~(JV—5) max(fci,fc2,fc3)+ 


for any • Using (|4.36l) and the L°° bound (14. 4311 . there holds 



























































< 2 ~ m e\2 2k 2 Qk+ 2~^ Nl+l ^ k+ 1 [0)20] maxdfc! - k\, \k 2 - k\, \k 3 - fc|). 


In virtue of (14.511) . Lemma 14.71 thus follows. □ 

If one takes the sum for (k\, k 2 , k 3 ) which satisfies k\, k 2 , k 3 G [—4m, m/200 — 100] n Z, 
then there are at most Cm 3 terms, which are summable as the desired estimate (14.411) or 
(14.421) has an exponential factor 2~ <5m . So in the following it is sufficient for us to prove 
that for fixed k \, k 2 , k 3 , there exists 5 > 0 such that 


[•t-2 

J u 


r t ++- 


Ktks&t)- 2 * 


c*(0(Q 3 Pk 1 uj(s,£)P k2 w(s,£,)P k3 w(s,-{,) - 
s + 1 

< 3t)—Srru)— (7Vi + 10)fc+ 

A e l Z Z 5 


ds 


(4.52) 


and for l\l 2 l 3 € {H-, + + +,-}, 

rt 2 


/ 

Jti 


< e 32- 5m 2-( JVl+1 °) fc +. (4.53) 

Lemma 4.8 The estimate (14.531) holds if k\. k 2 , k 3 G [—4m, m/200 — 100] D Z and 

min(/ci, k 2 , k 3 ) + med(&i, k 2 , k 3 ) ^ —6m/5. (4.54) 

If, in addition, 

max(|fci — k\, \k- 2 — k\, \k 3 — k\) ^ 21, (4.55) 

then the estimate ([4.521) also holds. 


Proof. Under the condition (14.541) . we use ([4.401) . the L°° bound (14.431) to get 


|jOC2i3 ( s < e 325max(fci,fc 2 ,fc3)+ . 2 min C fc l,^2,^ 3 )2 mec 31 fc l,^ 2 ,^ 3 ) 


. 2-( Ar i+i°) fc i+ . 2-(- /v i+ 10 ) fc 2+ . 2-( Ar i+i°) fe 3+ 

< ^3 2(^1+15) max(fci,fc2,fc3)+ . (^l+10)fc+ 

< e 32^ 31m/,30 2 _ ^ Ari+1 °) fc + 


for any i\i 2 i 3 G 3F, where in the last step, we have also used 


(N\ + 15) max(l'i, k 2 , k 3 ) ^ (N\ + 15)m/200 < m/6. 

Therefore, the estimate (14.531) clearly holds. If, in addition, (14.551) holds, then 

Tk{.0 p k 1 w{s,C)Pk 2 w{s,i)Pk 3 w{s,~i) = 0 , 

so the estimate (14.521) follows. □ 

In view of the above two lemmas, in order to prove (14.411) and (14.421) . it suffices to 
show the following proposition. 


39 

































Proposition 4.9 Let k € Z, |£| ~ 2 k and t±,t 2 € [2 m — 2,2 m+1 ] n [0, T\, m ^ 25 be an 
integer. Assume that k\, k 2 , k% satisfies 

ki, k 2 , k% € [—4m, m/200 — 100] n Z, (4.56) 

and 

min(fei, k 2 , & 13 ) + med(fci, & 2 , £ 3 ) ^ —6m/5. (4-57) 

Then the estimates (14.521) and ([4.531) are valid. 

As mentioned before, in order to finish the proof of Proposition 14.51 we shall also prove 


Proposition 4.10 For any 0 ^ t\ ^ £2 ^ T, there exists 5 > 0 such that 

ft2 
>t 1 


(e)iVl+1 0 f' 2 jOist) e is{t) MR{s ^ )ds < e 4(i +tl ) 
Jt 1 


-5 


(4.58) 


According to the above reductions, we see Proposition 14.51 follows easily from Propo¬ 
sitions I4.9ll4.10l Hence, the remaining part of this subsection is devoted to the proofs 
of these two propositions. The bound (14.521) is proven through Lemmas 14.141 l4~T6l below, 
depending on different cases between the sizes of the input and output frequencies, and 
the bound (I4.53P is obtained by Lemma 14.171 In addition, we will establish the bound 
([4.581) with the help of Lemma 14.181 In the proofs, we will frequently use the following 
multiplier lemma. 


Lemma 4.11 There holds 


[ m{rj, cr)fi(rj)f 2 (cr)f 3 (—r] — a)drjda < \\& 1 m|| z ,i ||/i||z^i ||/ 2 ||z^2 ||/ 3 ||x^3 

J R 2 

with pf 1 Apf 1 +pf l = 1 and pi, p 2 , P 3 € [l,+oo]. 

The proof of Lemma 14.111 can be found in [18]. To bound the L 1 norm of jF _ 1 m, we 
usually use Lemma 14. 12 1 b elow. 


Lemma 4.12 If 771 ( 77 , a) is a Fourier multiplier with 77 and a localized in the size 2 k and 
2 l , respectively, and satisfies 

\d%d b m\ < A2~ ak 2~ bl (resp. A) (4.59) 

for any a, b = 0,1,2, then we have 

II^ _ 1 HIli(r 2 ) ^ A (resp- A2 k 2 l ). (4.60) 
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Lemma 4.13 For any A, /i > 0 and n € N, there holds that 

e lXxy ip(gr l x)p(gT 1 y)dxdy = 27tA _ 1 + A -1 ~ n /W 2n O(l), 


/ 


where <p is the smooth radial function used in the Littlewood-Paley decomposition. The 
implicit constant coming from the term 0(1) depends only on n and cp. 

Lemmas 14.12 1 I4~l3l are proved in the appendix (see Lemma B.3 and Lemma B.4). 

Lemma 4.14 The estimate (14.5211 holds provided that 

max(|fci — k\, \k -2 — k\, \k^ — k\) ^ 20. (4-61) 


Proof. It suffices to prove, for any s € [ii, ^ 2 ] 9 that 

c*(Q(Q 3p k 1 w(s,QPk 2 w(s,£)P k3 w(s,-£) 




s + 1 


< Jn-(1+61)7719— (JVi + 10)fc+ 

(4.62) 


for some <5i > 0. We split the proof into several steps. 

Step 1: |£| < 2~ m . In this case, we use (14.4011 and the L°° bound (14.4311 to obtain 


LHS of flMZD < e 32 2fc 2 5fc +2” 3(7Vl+10)fe+ + e?2~ m 2 2fe 2 6fc +2 _3(JVl + 10)fc + 

< (3W+24)fc+ 


which is better than the desired bound. 

Step 2: |£| > 2~ m . For the sake of convenience, we rewrite (by the change of variables 
r] —» —y, a —»• —£ — <7 — rf) 

I £tok 3 = [ CfcSfcs(^ V, cr )e t8 *& T, ' lT) Pk^it + y)Pk 2 w(f, + (j)P k3 w{-i -y- a)dyda, 

J K 2 

where 


c ++ (£,t/,<t) :=c(£, -y,-£-a-y), (4.63) 

®(£, V, <r) ■= (£} ~ (£ + V) ~ (£ + °) + (£ + V + &)■ ( 4 - 64 ) 

Note that the set of space-time resonance for \k now reduces to (£, 77 , 0 ") = (£,0,0). We 
see from (I4.35P and (14.6311 that 

c ++ "(£, 0,0) =c(£,0,—£) = c*(£). 

Let l be the smallest integer satisfying 2^ ^ 2 _9m / 20 . Note that 2 k > 2~ m implies I ^ fc+10. 
Now, we decompose 

fc+100 

4 + ,«,(».?)= E («s) 

h,l 2=1 
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where 


Ji 

and 


b 2 ( s ; 0 '■= [ c ktk 2 k 3 elS ' 51 P ki w (t + V) p k 2 w(t, + a)P k 3 w(-Z -rj- o)ip^(ri)ip[ l \a)drida, 
Jr 2 


^ ( °- i vm/#*), i = w 


(4.66) 


In the following, we consider three different cases. 

Case 2a: a is away from the space-time resonance set. We aim to show that 

iJhhMl < e?2- m 2-^ m 2-^+ 10 ) fc +, h > max(i 1 ,Z + 1). 

From (14.641) . it is easy to see 


1^1 = 


Z + V i + ri + a 


> 2 ^ 29 —3fc+ 


(4.67) 


(4.68) 


<£ + */> (t + ’n + v) 

whenever |£ + 771 I? + cr\ ~ |£ + 77 + a\ r^j 2 k and |<r| rs_/ 2 l2 . With integration by parts in 
77 , we have 

I ('-b 0 1 ^ I ('-b 0 1 4” I ^lil 2 ,2 (^b 0 1 4“ I ^lil 2 ,3 (^b 01 ? 

where 

Jhh,i = / mxe 18 ^ d T1 P kl w{s, £ 4- rj)P k 2 w{s , £ + cr)P k 3 w(s, -£ - 77 - a)di]da, 


/ 

JR 5 


• 4 l ,2 = / mie 18 *P fel u;(s, £ + ii)P k 2 w{s , £ + a)d v P k 3 w(s, -£ - 77 - a)dr/d , 


o\ 


Jlil 2 ,3 = / d v mie ls ^P kl w(s, £ + rj)P k 2 w(s, £ + a)P ks w(s , -f - 77 - a)dr]da, 
Jr 2 


with 


mi(r/,a) := ^(^V) • (s0„tf) 1 • Cj ++ fe3 . 

Using (14.681) and the fact I 2 ^ h, we compute 

| < 9“^[^ ( p(r7)<Pz ( pM(^ r? ^)- 1 ]| < 2—2-^2 3fc +2-^2- W2 , a, 6 = 0,1, 2. 
Then by (14.591) (14.601) . we have 

wPiiilhio s 2-’"2- i *2 3 ‘+. 

Recalling the bound (14.401) for c fc ^^ 3 , we deduce from Lemma 14.121 that 

ll^‘24«,llwc-)S 2 “ +22 ‘' 

Combing the above two bounds give 

II^ _1 "1i||l 1(R2) ^ [^ } (7/)^g } (^(s^^)- 1 ]lUi^)||^- 1 c fc ++* 3 lUiCRa) 
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< 2- m 2~ l2 2 8k +2 2k . (4.69) 

Similarly, we can obtain 

ll^" 1 (3, ? m 1 )|| Ll(R2) < 2~ m 2~ l1 2~ l2 2 sk+ 2 2k . 

Now, we apply Lemma 14.111 with 

a(ji) := e ~ ls ^ +7l) d v P kl w{s, £ + r/),, 

P(a) :=e- is ^P^(s,Z + a), M ~ 2 l \ 

7(0 := e“ <_?+c) P k3 w(s, -£ + (), 

then 

\Jhh,i\ ^ II^ _1 " i iIIl i II«IIl 2 II/ 3 IIl2||7IU°°- 

Using the fact |cr| ~ 2 iz , (14.441) . (14.431) and (|4.46l) , we see 

||o||l 2 < e 1 2 Pom 2-( JVl - 4 ) fe +, ||/3|| L 2 < ^^-(W+io)^ || 7 || L oo < e^ 2 . 

Therefore, these estimates and (14.691) lead to 

| j t i < 2~ m 2~ l2 2 8k+ 2 2k • ei 2 porn 2~^ Nl ~^ k+ • ei 2^ 2 / 2 2 _ ^ 1+10 ^ + • €\2~ rn ^ 2 

_ ^ 2 ~ 3^/2 2 ^ 0 ^ 2 _ ^ 2 / 22 ^^ 2 — ( 2 -ZV^i— 2 )/c_i_ 

Since 2 _i2//2 < 2 9m / 40 , Jip 2i i can be bounded by e 32-5im/402K>m-2 _ F v i+ 1 0)fc+. With similar 
argument as above, we obtain the same bound for \Ji 1 i 2 ^\- For the term 2> 3 , we apply 
Lemma 14.111 with 

\V\< 2\ 

|cr| ~ 2* 2 , 

to obtain 

l«Jjii 2 ,3| < ll^ _1 (^mi)|| L i||d|| i 2||^|| i 2||7|| L oo 

< 2~ m 2 _/l 2~ l2 2 8k+ 2 2k • ei 2^ 1 / 2 2~( Ari+10 ^ + • c\2}^^ 2 2~(Ni-\-io)k+ m ^2~ rn ^ 2 

^2~ rn 2~ rn, /‘^2~ ^i/^2~ ^/^2~ H- 10 )Aj_(_ 

< ^3 2 — 2 —?n/20 2 — (-AT 1 —|—10) 

Therefore, the estimate (|4.67l) is established. 


6 ( 77 ) := e ls{i+v) P kl w(s^ + 77 ), 
£(<*) := e"“ <?+<j) P fc2 'u;(s,^ + o-), 

7 (C) := e* s ^ e+0 P fc3 u;(s, -f + C) 
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Case 2b: ?y is away from the space-time resonance set. In this case, applying similar 
argument as above, we can prove that 

\Jhh(s,0\ < e f 2 —2- 5 im 2-^ +1 °) fc +, l\ > max(I 2 J+ 1). (4.70) 


Further details are omitted here since the proof is almost the same as Case 2a. 

Case 2c: ( 77 , a) is near the space-time resonance set. In this case, the above strategy 

is not workable as both 77 and a can be very small, and a phase correction is needed to 
close the argument. Our aim is to show 


~ 27T 


c* (£)(£) 3 P kl w(s, $,)P k2 w(s, £ )Pk 3 w(s , -£) 


s + 1 


<; ^ 39 —<5imr)—(iVi+10)fc+ 


(4.71) 


for some di > 0. To prove (14.711) . we use 


lhs of 0770 <| Jji(s, 0 - J T f(s, £)| + |J r i(s, 0 - Jr 01 

. c *(0(0 3p kiw{s,&P k2 w(s, £)P k3 w(s, -£) 


+ 


Jrr( s >0 - 2vr - 


s + 1 


where 


~ /* isrjcr 

J i l ( s > 0 : = / c fc +^ 3 (C, r?, <x)e 

4K2 

• + rj)P k2 w($, + a)P k 3 w(-i - 77 - a)^{2~ l ri)^(2~~ l a)dr]da, 

JfrO,£) : = / c*(£)e^P kl w(£)P k 2 w(£)P k 3 w(-£,)ip(2~ l ri)ip(2~ l cr)drida. 

Jr 2 


By using Taylor’s expansion, we have 


^(£,77,0-) =T(^,0,0) + T ?? (£,0,0)?7 + T CT (£, 0,0)<7 

+ ^w(C, 0 , 0 )? 7 2 + ^T CT(7 (^,0,0)cj 2 + $v(£, 0 , 0 ) 770 - + remainder, 

which implies, by (14.641) and the fact 1 77 I, |cr| ~ 2 l , 

l*(£,^) - (0"Vl < 2~ Ak+ (I 77 I + |cr|) 3 < 2“ 4fe +2 3r . 


Combining (14.401) . (14.631) and (j4.43|) yields ( 2 l ~ 2 9m / 20 ) 


J« — J« 


< 


/ 

4k 2 


n +-I- 

"kik 2 k 3 




e is * 


isrjcr 



■ \Pk!w(C + v) p k 2 w(C + ^)Pk 3 w{~i -r\- o)\dr\d(j 

2^^+ 2 m 2—6^2—^(^1 _ l _ io)^+ 2^^ 

< ^32~5m/42—(-/Vi+10)fc_|_ 


(4.72) 
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In order to estimate the term Jj [(s. £) — note that 

|c ++ " (£, V, a) - c* (£)1 = |c ++ - (£, r?, a) - c ++ " (£, 0,0) | < 2 r 2 5fc +, 
and by (I4.44|) . 

\P^{s,i + Q-P^w{s,0\ < Wd^P^vW^/ 2 < ei2 Pom 2 -( N l-^ +2 i/2^ | C | < 2 r 

So it is easy to see 


++- 


(£, V, £ + V) p k 2 w{s , £ + a)P k 3 w(s , -£ - r? - cr) 


- c*(C)Pk 1 to(s,^)P k2 w(s,^)Pk 3 w(s, -£) 

< ^3 2 ^ 2 —(3A^!+25)fc_|_ _|_ ^Sr£, (3JVi+ll)fc-|- 

whenever 1 77 I, |<r| < 2 ; , where we have used (I4.43B in the above estimate. Therefore 
I J rr (s,£) - J rr (s,£)| < e 3 2 3i‘ 2 -( 3Ari + 25 ) fc + + e 3 2 5f/2 2 Pom 2 -( 3 iV 1 + 11 )fe + 

< f3 2 —m 2 —m /3 2 Po m 2 — (^ 1 + 1 ^)^+ (4 73j 

Now, using (14.4311 and applying Lemma f4. 131 with A = s/(£) 3 , /r = 2 l and n = 1, we have 

<?(Q{0 3p kiw(s,£) p k2 w(s,€)p k3 w(s,-(;) 


Jn(s,£) - 2vr- 


< 

r^i 


s + 1 

c*{0(0 3p k 1 w(s,£,)P k2 w(s,£)P k3 w(s,-£) 


Ju(s ,0 - 27r 

* 

+ \c*{0{0 3p k 1 w{s,^)P k2 w(s,^)P k3 w(s,-^)\ ■ (---j—) 

S S I -L 


< e 3 2 2fc 2 -(37V 1+ 27)fc + / ^ ip(2~ l ri)ip{2 ~ 1 (j)dr]da - 2tt(£) 3 s~ 1 

Jr 2 

I ^‘2^^ e 2~ (3-/Vi+24)A;-)- 2 _ 2m 

(3A^i+25)Ai-)-2~2m26/c-|_2 _ 21 _|_ ^32 _ (3iVi+22)fc-i-2 — 2m 

< ^32—^ 2 —^/102—(-^Vi H - io)fc-i- 


(4.74) 

□ 


Therefore, (14.7111 follows from (I4.72I1 - (I4.74I1 . This ends the proof of the lemma. 

Lemma 4.15 The estimate d4.52H holds under the conditions (14.5611 . (I4.57B and 

max(|fci - k\, | k 2 - k\, \k 3 — k\) ^ 21, max(|/ci - k 3 1, \k 2 - fc 3 |) > 6. (4.75) 

Proof. Recall that 


j+l— = 
k\k 2 k$ 


i 

Jm 2 


n +3- 

~'k\k 2 k 3 


(£,??, cr )e lsq, ^’ a ) p kl w(f + r)) p k 2 w(£, + cr)P k 3 w( -£ - r) - a)dr]da, 
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where 


Vfarhtr) = (0 ~{£ + v)~ 4 + 0 + 4 + f? + 0, 

and our aim is to show that there exists 82 > 0 such that 

14+W^)! ^ e ? 2 - m 2 - 52 - 2 -(^+ 10 ) fc +. 


(4.76) 


According to (14.7511 . we may assume |&i — k^\ ^ 6 . Since —a = (£ + 77 ) + (—£ — 77 — 17), 
then we have |cr| ~ max(|£ + r}\, |£ + 77 + <j|) = 2 max ( fel + 3 ) and 


144 = 


i+v + z+v+v 


\d>\ = 


4 + 77 ) 4 + v + o) 

1 1 

+ 


> 2~3 max (/ci,fc 3 )+ 2 max (^ 1 M) 

2~ 5 min(fci ,fc 3 )+ 2 2 max(fci ,k 3 ) 


4 + v) 3 4 + v + 0 3 

Integration by parts with respect to 77 gives 

KfcmMl < 4i(+0l + 424,01 + 434,01, 

where 

+i 4,0 : = [ e ls ^m 2 d ri Pk 1 w(^ + ri)Pk 2 w(^ + a)P k3 w(-^ - 77 - a)dr]d 


cr , 


+H S ,0 : = / e ts *m 2 Pk 1 w(£ + rj)P k2 w (£ + a)d v P k3 w(-{, - 77 - a)drjda, 
Jr 2 

+ 34,0 : = [ ^d r) m 2 P kl w(£ + 1 i)P ki w{£ + a)P k3 w{-S, - 77 - a)drida 


with 


7772 = 777 , 2 ( 7 ?, O’) := (sc^H/) 1 • c 


fcl 7,2^3 ■ 


Using the bounds (14.4011 . (14.7711 . (14.7811 and Lemma 14.121 we can obtain 
II^ _1 777 2 ||l 1(R2) 0 2" m 2 10max(/ci ’ fc3) +2" max(fcl ’ fc3) , 

||^- 1 (^m 2 )|| L i( K 2) < 2 _m 2 13max ( fcl > fc 3)+ 2~ 5min (fci M)+' 


Applying Lemma 14.111 with 


3(t?) : = e zs ^ +v) d v P kl w(s,^ + ij), 
P( a ) := e - is ^P^(s,Z + CT), 

7(0 : = e ls{ ~t+0P k3 w(s, -f + C), 


we use (I4.79H . (14.441) . (14.481) and (14.4611 to get 


(4.77) 

(4.78) 


(4.79) 

(4.80) 


4i4,0l 0 W to 2||li||«IIl2||^IIl2||7||lo 
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O 2 -^ 210 max(fci,fc 3 )+ 2 - max (fci ,k 3 ) ' 

_ ei 2 max ( fc i> fc 3)/ 2 2 _ ( Ari +i°) fe2 + . g-^2 —m / 2 

< e 32-3m/22Pom2 _ ( Ari+10 ) fc +2 (Ari+10)fc+ 2 ~ max (^'l>^3)/ 2 
Notice that k ^ max(fci, A) 2 , ^ 3 ) + 2, so the assumptions ()4.56f) (14.571) yield 
(IVi + 10) max(^i, k- 2 , k%) ^ m/6, med(A;i, & 2 > ^ 3 ) ^ —3m/5. 

Since 


max(fei, ^’ 3 ) = med(fci,/u 2 , ^ 3 ), if &2 = max(fci, k 2 , k^), 
max(ki,ks) ^ med(A;i, & 2 , £ 3 ), if /C 2 < max(4i, &) 2 , k^), 


we also get max(fci,/c 3 ) ^ —3m/5. Therefore, we conclude 


l-Fi( s i£)l < ef2 _3m / 2 2 pom 2 _ ^ Ari+10 - )fc+ 2^ 7Vl+10 ' ) 


max(fci,/c2,fc3)+2 _ max(/ci,/c3)/2 


< e?2- 


2Pom2~ m / 30 2 _ ^ Ari+10 ^ + 


With the same treatment, we can get the same bound for | 72 (s,£)|. Finally, using Lemma 
14.111 (14.801) . (14.451) and (14.461) . we can obtain 


l-^M^ 01 ^ 2 _m 2 13max ^ 1,/C3 ^ + 2 _5min ^ 1 ’ fc3 ^ + • e 2 2 2p ° m 2~^ N ~^ max ( k iMM)+ . 

< ^2~ m 2^° m 2~ m /^2 _ {Ni-\-io)k+ 


By combining the estimates for F \, F 2 and F 3 , we deduce the desired bound (14.761) . 


□ 


Lemma 4.16 The estimate (14.521) holds under the hypotheses (14.561) . (14.571) and 

max(|/ci — fc|, \k 2 — k\, \k 3 — A;|) ^ 21, max(|A;i — fc 3 |, \k 2 — k 3 \) ^ 5. (4-81) 


Proof. Recall that we want to show 

I4 + ,»,(».{)! S e 32-”2- i »”2-< A ''+ 1 »>*+ (4.82) 

for some S 3 > 0, where the definition of is the same as in Lemma 14.151 According 

to (14.81[) . we may assume &i, &3 ^ k + 11, then it follows from (14.571) that 

2 kl ~ 2 fcz ~ 2 ks > 2 _3m / 5 . (4.83) 


Since r] = (£ + rf) — £ and a = (£ + a) — £, we also have |ry| r\_/ | (J | r-u 2 kl . Therefore, 


1^4 

1^4 


f + V C + V + cr 

(f.+v) (t + ri + a) 

1 1 

(f + h ) 3 + (£ + V + CT ) 3 


2 ~ 3 /ci + 2^1 


~ 2” 5fcl +2 2fcl 
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Now, with integration by parts in 77 , we see 


< \ G ^o\ + iG 2 (a,e)i + ig 3 ( S ,oi, 

where 

Gi(s, f) := [ e lslV rn :i d r] P kl vj(£ + rf)P k 2 w{f, + a)P k 3 w(-f, ~ n - a)di]da, 

J R2 

G 2 (s, 0 := [ e ls ^m 3 P kl w(£ + r])P k 2 w (£ + a)d v P k 3 w (-£ - 77 - a)dr)dcr, 

J R2 

G 3 (s, 0 := [ e ls ^d v m 3 P kl w(£ + if)P k 2 w(£ + a)P k 3 w (-£ - 77 - a)d 7 ]da 
Jr 2 

with 

m 3 = m 3 (r7, < 7 ) := • c fc ^. 

Prom (14.401) . Lemma 14.121 and the bounds for <9^4' and <9 2 4b it is easy to see 

l|^-V 3 |Ui (R2) < 2~ m 2 10kl+ 2~ kl , ||^- 1 (^m 2 )|| Ll(R2) < 2~ m 2 8kl+ . 

Applying Lemma 14.111 with 

3(77) := e~ ls( ' i+r)) d v P kl w{s,i + 77), 

^((j) : = e -^+(T)p fe2W ( s ^ + 

7(0 := e* s<_?+C) P fc3 uJ(s, -£ + C), 

and using (|4.83[) . we deduce 

l<2i( s >£)l < \\^ 1 777 3 ||Li(R2)||a|| i2 ||/3|| Z/2 ||7||i / oo 

< 2- m 2 10fcl+ 2~ fcl • g 1 2 p ° m 2 — ^ 1_ • ei 2 fc2 / 2 9 _ ( 7Vl+10 ) fc2 + . e 1 2~ m ^ 2 

< ^>2~ m 2Po m 2~ m /^2~ (-^ 1 + 10 )^+ 

Similarly, we can obtain the same bound for the term |G 2 (s,£)|. To estimate |G 3 (s, £)|, 
we again use Lemma 14.111 to get 

|£< 3 ( S) £)| < 2~ m 2 8kl + ■ ei 2P° m 2~( N ~ 5 ' )kl+ ■ ei 2 pom 2~( N - 5 ' >k2+ ■ e\2~ m ^ 2 

< 6 32-3m/222p 0 m2-(A r i+10)fc+ 

The proof of Lemma 14.161 is completed. □ 

Lemma 4.17 The estimate (14.5,4 1) holds under the assumptions of Proposition^^ 

Proof. By a simple change of variables, we rewrite the LHS of (14.541) as 

J1 1 
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/*>[/. 

J J R^ 


^iklk ^ 123 P ki wil (£ + ??)Oc 2 u,t2 (£ + v)Pk 3 w L 3 (-f; -V- cr)dr)dcr 


ds, 


where 


~'kik 2 k 3 ' 


(e, 7?, a) := c™ 3 (f + M + <J, -£ - V ~ <r), 


= (g) __ Ll (£ + ri) - i 2 (f + <r) - 4 3 (£ + r? + cr). 

Note that the phase fy L1L2i3 (£, 77 , <r) never vanishes when 4 i4 2 43 € {H-, + + +,-}. 

So we use integration by parts in s to obtain 

f 2 pn^IkZk^^ds := #!(*!,£) + MMO + Lm + Pm, 

Jt\ 

where 
Ki(h,0 : = 




■•«/ 

M(i 2 ,0 : = 

, 5 ) f c k 1 k 2 k 3 e 

J R 


~ ^1^21'S p iti'$/ L l i 2 l '3 

L 'k\k 2 k% 


j#(t 2 ,, 






+ r l)Pk 2 wl ' 2 (ti,£ + a)Pk 3 W-s(ti,-C ~ rj — a)drjda, 


? ;\]/tit2t3 


-P kl w bl (t 2 ,^ + rt)P k 2 w L 2 (t 2 ,£ + a)P k 3 w L 3 {t 2 , -t-rj- cr)dr)dcr, 


and 


MO == 


/w/ 

«/ ti ^ J R 


~ t'lWZ 

^k\k 2 kz _ 

\jmo2^3 


A-ii ® 11 (£ + r])P k 2 w L2 (£ + a)Pk 3 w L3 (-C - r/- a)dr]da 


MO := 

rt 2 


/>[/, 

J R- 

/*>[/, 

Jt\ J R- 

r« 1/, 

t/ti iR- 


~ 111213 p is'I' t l''2 t 3 
L k\k 2 k 3 _ 

^\J/ilt2t3 

~ t l t 2t3 „is^' t ’l < '2 t -3 

c fcl fc 2 fc 3 e _ 

? ;\J/tl<-2t3 

~ IU213 „is'I'‘l'-2'-3 
C 'fclfc 2 fc3 C _ 

£\]/U(-2'-3 


d s P kl w bl {£, + T])P k 2 w b2 (£ + a)P k 3 w L3 (-£, - rj - a)dr]da 


PktW^iZ + rj)d s Pk 2 w l2 (£ + a)P k 3 w i3 (-£ -rj- a)dr]da 


PktU -’ L1 (£ + d) p k 2 w b2 (£ + a)d s P k 3 w b 3 (-£-ri- a)dr]da 


ds, 

ds 

ds 

ds. 


Hence, in order to establish this lemma, it suffices to prove that there exists <$4 > 0 such 
that 


|tfi(*i,OI + MM 01 + M (01 + IM0I 0 e ? 2 -^ 2 -(iv 1 +io) fc+ ( 4 . 8 4) 

whenever |£| ~ 2 k and 444263 € {H-, + + +,-}. 

We first prove (14.841) for the case ii 4 2 43 = H-. It is easy to see 

|M—r 1 < <0 + (C + 0 + (MO + (£ + ?? + 0 0 (£ + 0 + (£ + 0 + (£ + *7 + <t), 
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then using (|4.40l) and Lemma 14.121 we can see 


IIJT-l ™J|| il(R2) < 2 8max(Lh%) + . (4.35) 

Applying Lemma 14.111 with 

a(ij) := e~ %t ite +r, ' ) P kl w(t j ,£ + rj), 

P{o) ■= e ltj ^ +a '>P k2 w{t j ,^ + a), 

7(0 := + C), 

for j = 1,2, and using (|4.85l) . (14.4511 . (14.46[) . we can obtain, by estimating the lowest 
frequency component in L°° and the other two components in L 2 , 


\ K i{h, 0 \ + \ K 2 {h, 0 \ 

< 28 max(fci,fc2,fc3)+ _ e ^2Pom2-(N-5) max(k 1 ,k 2 ,k 3 )+ . ^^2P° rn 2 ^~^ mei ^^ 1 ’^ 2 ’^ 3 ^ + ■ C\2~ m l‘ 2 

< e 32-™/22 2 P° rn 2~ ( ' Nl+10 ^k+ 

To estimate Li(£), note that 

\U8,Z)\ < c*(C)(C) 3 (l + S )-V( S ,C)| 2 < ej2~ m 22^6^2-^1+20)^, | e| „ 2 fc ; (486) 
then using Lemma 14.111 (14.851) . (14.861) . (14.451) and (14.461) . we obtain 

<2 m . £ 2 2~ m 2~ ( 2W l+ 12 ) fc + . 2® ma x(fci,fc2,fc 3 ) + _ £l 2P0 m 2 ~( N ~ 5 ) max(fci,fc2,fc3)+ 

• ei 2P om 2 _ ^ Ar_5 ^ med ^ fcl,fc2 ’ fc3 ^ + • ei 2" m / 2 

<C(^2~ m /‘ 2 2‘ 2 P° m 2~ (NL+io)fc+ 

For the term L 2 (£), we use (14.45 jl . (14.491) to get 

l-^2(C)l <2 m ■ 2 8max ( fcl ’ fe2 ’ fc3 )+ . ei2 3p ° m 2~ 3m / 2 . [2~^ n ~ 7S> max ( fc i>k2,k3)+2~(N- 7 ) med ( fc i> fc 2,fc3)+ 
_|_ 2 -(A r -7) min(fci,fc2,fe3)+ 2 —(JV—7) max(fci,fc2,fe 3 )+\ 

<g5 2 —m/2 2 3po™2 — (7^ 1 +10)fe+ 

Therefore, the estimate (14.841) is established for L 1 L 2 L 3 = 4-• 

Note that 

2 


|T+++(£,7 ? ,a)| ^ 

IT - 


(£> + (C + 7) + (C + O') + (£ + rj + cr) ’ 
(C, 7 ,cr)l ~ max((£), (£ + 77 ), (£ + cr), (£ + 7? + cr)). 


Then we can apply the same argument as above to show the bound (14.841) in the case 

L 1 L 2 L 3 = + + + and-. For the sake of simplicity, we omit further details. This ends 

the proof of the lemma. □ 
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To complete the proof of Proposition 14.51 we are left to prove (14.581) . That is, we are 
aiming to show 


<£>* 1+10 [ h r R (s,£)ds 

Ju 


e i(l + ^l) 


-5 


for some <5 > 0. Recall that the definitions of $ and Mr are given by (|4.37l) and (|4.30l) . 
respectively. To prove this bound, we need the following lemma. 


Lemma 4.18 For any t € [0, T], there hold that 


||<O iV - 20 A^(£)l|L~ < 4(1 + t) 2po " 1 , (4.87) 

l|A^|| HJ v 1+10 <et(l + tr- 3 / 2 , (4.88) 

IITA/'rII^-io < 4(1 + tr~ 3/2 , (4.89) 

IlmA^II^-io < 4(1 +tr°- 1/2 . (4.90) 

Recall the bounds for g and h 

llsllff*-B + ~ e i(l + t) Po > 

11^11^-5 + 11^11^ <er(l + tf°, (4.91) 


Il5 , llw jv i+ 10 > 00 + INIiy Jv i+ 10 ’°° ~ e l(l + 1//2 > 

and the bounds for the difference h — g 

ii ^-5ii^- 5 <6?(i+tr- i/2 , 
ll^ 1 — 5llw Jv i+ 5 >°° ~ e i(l + ^) S (4.92) 

ll r (/i - 5)lli?^-s < e?(l + t) P0 " 1/2 . 

The bounds (14.911) and (14.921) follow easily from (14.101) . (14.31) and Lemma ITT! 


Proof of Lemma \4-18\ According to the definitions (14.61) and (I4.30p . we see that in order 
to prove Lemma 14.181 it suffices to show each term in Mr satisfies ()4.87l) — (14.901) . In this 
proof, we mainly concentrate on the term 


A/-++++ := 0[0[h, q ++ }h, b ++ ]h - 0[0\g, q ++ }g, b ++ ]g, 


and the treatments for the other terms are similar. Decompose this term as 


A7++++ = M++++ + M++++ + A7+3+++ 

with 

AT++++ := 0[0[h,q ++ }h,b ++ ](h - g), 
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AT++++ := 0[0[h - g, q ++ ]h , b ++ ]g , 

AA++++ :=0[0b,g ++ ](/ l - ff ),6 ++ ] 5 . 

We first show (14.871) . Using (14.221) . (14.21) . Lemma I4~3l and the bounds (14.911) (14.921) . we 
see 

ll(e) JV - 20 ^Ar+ ++ +|| L o O < ||A7 + +++ ||^- 20 .i < \\0[h,q ++ ]h\\ H N-i4h- g\\ HN - 15 

< ||h|| H Ar||h|| L oo||/i - g\\ H N -5 < 4(1 + t) 2po 1 , 


\m N ~ 2 °^K 2 ++ \\ L ^ £ \\Olh-g,q ++ ]h\\ HN - 15 \\g \\ HN - 15 

~ (\\h~ g\\H N -s\\h\\L°° + || h- g\\L°° \\h\\H N )\\ 9 \\H N -5 

<4(i + i) 2p °- 1 . 

The argument for the term A/"43 +++ is similar as above. Hence, the bound (I4.87P follows. 
Similarly, we have 

M +++ IIh"i+io £ W, q ++ ]h\\ H N 1 + i 5 \\ h ~ 9\\l°° + II 0 [h, q ++ ]h\\ L ~ ||h - g\\ H N 1+ , 5 

< ||h||^Jv||/l||L°o||h — g\\L°° + ||h||^4,oo ||h — fiiltfJVl+15 

< e Ki+tr- 3 / 2 , 

and 

II- A/ R2 +++ II^1+ 1 '> £ \\0[h-g,q ++ }h\\ H N 1+ i4g\\ L ~ + \\0[h - g, q ++ ]h\\ L ^\\g\\ HNl+ i 5 

< (ll^ 1 ~ 9\\h n -A\^\\l°° + ||h - g\\L°°\\h\\H N )\\9\\L°° 

+ 11^ - g\\w 4 ’°° ll^'llvu 4 ’ 00 Il5 r lli : / iv i+ 15 
<ei(l + tr~ 3 / 2 . 

Also, we can deal with the term ||A/"44 ++ ||^jv 1 +io in a similar way. Combining these 
estimates yields (I4.88|) as desired. 

Now we prove the weighted estimate (14.891) . As (14.241) . we have 

TA / '+ 1 +++ = Wi + W 2 + W 3 

with 

Wi(0 := nO[TO[h,q+ + ]h,b+ + ](h-g)m, 

W 2 (0 := &( 0 [ 0 [h, q ++ }h, b ++ ]T(h - g)m, 

■= 7 T [ d i b ++ {i-g 1 g)^{d t O[h 1 q ++ ]h){i-g)(h-g){g)dg 
2vr J R 
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+ 7T [ dt:b ++ {£ - ri,ri)^(0[h,q ++ }h)(£ - T])(h - g)t(v)dv 
^ Jr 

+ 7T [ - r),r])^(0[h,q ++ }h)(t - r]){h - g) t (7i)dri. 

^ Jr 

By expanding TO[h,q ++ ]h as (14.241) . we can obtain 

\\ro[h, q ++}h\\ H N 1 - 5 <e 2 l (i+ty°- 1 / 2 . 

Hence, using also (14.921) . we have 

II^iIIh ^-10 < \\TO[h,q ++ ]h\\ HNl -4h- g\\ L - + \\TO[h,q ++ ]h\\ L 2 \\h- g\\ wNl -^ 

<4(1 +t) P °- 3/2 . 

Similarly, from (14.9111 — (14.921) . there holds 

< \\0[h,q*]h\\ w „ l -*,o 0 \\r{h-g)\\v + \\0[h,q++]h\\ L ~\\r(h-g)\\ HNl - 5 
<ef(l + t) P0 ~ 3 / 2 . 

To estimate Hy, note that 

\\ht\\HN -5 + ||gt||jfJV-io < ei(l + t) po , 

ll^tllw^i’ 00 + IlStllw^i' 00 ~ e i(l + J) 1 

II (h — g)t\\ l°° ll^tI| l°° ll^-llw 5 ' 00 + ll^-tllw 5 '°°IHIl°° ^5 e i(i + t) po 

ll(fr — d)t I \h N 1- 5 ~ \\ht ||l°° ll^llijVi + 11 h't 11 ll^lli 00 ^ e l(l + t) P0 1; S 

which can be verified by the equations (14.11) . (14.51) and the identity (14.31) . then 

HWall^-io < \\d t O[h,q ++ ]h\\ H N 1 -4h- g\\ L ~ + \\dtO[h, q ++ ]h\\ L ~\\h- g\\ HNl - 5 

+ \\0[h,q ++ ]h\\ HNl -s\\(li - g) t \\ L ™ + \\0[h, q ++ ]h\\ L °° ||(/i - g)t\\ H N i~ & 

<4(1 + *r~ 3/2 . 

Therefore, we conclude that 

IIrA/" h ||j/ivi — 10 < ||HlHtfiVi-io + ||+ HW^II^-io < 4(1 + t) P ° 3 ^ 2 - 

Moreover, we can estimate the H Nl ~ 10 norm of TA/"^ 2 +++ and TJ\f^ ++ in a similar way 
as above, and we omit further details for simplicity. Thus, the bound (|4.89l) is valid. 

Finally, by similar argument as the proof of (14.191) . it is straightforward to obtain the 
desired bound for ||axA//j Hjyjvj —10 - This ends the proof of the lemma. □ 

Now, we end this subsection by presenting the proof of Proposition 14.101 
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4-10[ Denote 


Proof of Proposition 

M) ■■= f 2 +^ 2 ( 6 , 

Jti 

where 

A(C) := J' 2 e"l*’« e "<S(l - y( (1+ ^ )w ))%(»■ {)<fa, 

MO := / b f )%(»,{)<fa. 

By (14.871) and the fact |£| > (1 + s) Po , it is easy to see 

|| < O JVl+10 li(OIU~ < / ' II (Q N ~ 20 Nr(s, 0 ||l°° (1 + s)~( N ~ Nl ~ 30 ^ Po ds 

Jt 1 

< / #2 ef(l + s) 2po_1 (l + s) — (N—Ni—30)pod s 

Jt 1 

< ef(l + il )-(JV-iv 1 -32) P0 _ (4.93) 

For the term ^ 2 , we use 

IKO^+io^COlU 00 0 II^H^+io + lla^llff^i+io. (4.94) 

The first term in the RHS of (14.94ft can be estimated directly by (14.881) 

p 2 ||^ 1+ 10 < ri^ W ||^< ref(l + S r- 3 / 2 d S <ef(l + t 1 r- 1 / 2 . (4.95) 
Jti Jti 

To estimate the term ||x^. 2 ||jyJVi+io, we apply d^ to Ai- In view of (14.261) . 

{i)d^K7 r) = e^TMn 

= e it ®fW R -e it ®{(dt + m)J^f R \ 

= e it ®rM R -d t [e it ®J^f R ], 

then d^A ‘2 can be decomposed into 

B(M0 = J’ 1 B c [e"’<‘-gy ( (1 f s)m )y-^M(s, ()ds 

+ J‘‘ e « ( »^y( (i+ ^ )w )9 c [e“<S^( 8 , £)]+ 

= ~4.2l(£) + -4-22(0 + -4.23(0- 

where 

M(0 := J‘‘ )y( (1 f a)K )]<="«> A/>( 8 , fids, 
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MO := J’ 1 (1 + ^ )w ) e "<«fW«( S , i)ds, 

M() ■■= - j‘ 2 e MM «)-V( (1 + e 3)w )a,[e" (e 5i4(8,{)]rf». 

Using (14.3711 . (14.361) . (14.5011 and (14.1011 . we have 

|%i?(£,£)l ~ (0 8ln ( 1 + 0 sup (Rs,£)| 2 + |^(a,0| 2 ) - e i( 1 + i) 3po , 

s6[0,t] 

hence, by (14.8811 . 

P 2 iM 1+1 o <ef pil + s^-WdsZetil + t!) 4 **- 1 ' 2 . 

Jt i 

For the term 4.22, we obtain from (14.8911 that 

P 22 Mi + io < [ (1 + s) 19po ||rA/i?|| H Jv 1 -io(is 

Jtx 

<ef [ “(1 + s) 20po ~ 3 / 2 ds < eftl + fi) 2 °P°- 1 / 2 . 

To estimate ||423 ||#jvi+io, using integration by parts in time, the bound 

1^4)1 < (1 + s)- 1 ^) 8 \w(s,0\ 2 < 4(1 + s)- 1 : 

and (I4.90p . we obtain 

11-4.2311^+10 < ef(1 + U) 20po_1 / 2 - 

We finally conclude that 

\\xA 2 1| h n i+ 10 ~ 11-4.21 II^atj+io + 11-4.22llj^ivi+io + 114,2311^! +10 < ef(l + ti) 20po 1 / 2 . (4.96) 
Therefore, the desired bound (I4.58P follows from (I4.93p - (|4.96H . □ 

4.3 Proof of (I4.13P 

Proof of (14.131) . Using Bernstein’s inequality, (14.1111 and (14.2711 . we have 

||xP<g(l + j) 1 /2 4 °lu||#iVi+ 11 < (1 +t) 1 ^ 240 ||P^( 1+t p/240li'|| i? JV 1 +ll + ||-P< (1 +t)l/ 2 «(xt(;)|| H ^ 1 +l 1 

< \\w\\ H N-5 + (1 + t) 1 / 16 11-Pg (1+^1/240 ( xw)\\ h n 1 -4 

<(e 0 + e 2 )(l + t) 1 ' 16+p °. 

Then we deduce from the linear estimate (14. 1411 . the bounds (14.1211 and (I4.27H that 

iip<;(i +t )i/24o5iiw jv i+ 10 ’ 00 ~ (1 + 0 1/2 \m Ni+1 °wm^ 
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+ (l+i)- 5/8 (MI H N 1+ 12 + ||a;P^(i +t )l/240^|| ff JV 1 + ll) 

< (l + tr^eo + e?), V t £ [0,T], (4.97) 

On the other hand, by Bernstein’s inequality and (14.271) . there also holds 

||P^(l_|_£)l/240g , ||^JVl+10,°° < ||P^( 1+ t)l/240g||//JV 1 +ll 

<(l+t) ( N Nl 11 ^ 24 °||P^(l +t )l/240 5'||i/JV 

<(l+t)- 1/2 (e 0 + € 2 ). ( 4 . 98 ) 

Now, we conclude from (14.971) and (14.981) that 

llfi , (^)llw /JV l+ 10 ’ 00 iS ||P^(l+t)l/2405||^JV 1 +10,oo + 11 P>( 1+ t)l/240 9 \ | jy iV 1+ 10,oo < (l + t)- 1//2 (e 0 + ef). 

Moreover, if e\ is small enough, (|4.3D and (14.171) lead to 

\\h(t) IIw iv i +io > o ° ~ Wsit) IIw Ar i+ io ’ o °• 

Therefore, (14.131) follows, and this also completes the proof of Proposition 14.11 □ 

Finally, combing Proposition 12.11 Propositions I3.1H3.21 Proposition 14.11 and Lemma 
Ml Theorem o follows by standard continuation argument. 


Appendix A 


In this part, we prove the linear dispersive estimate for Klein-Gordon operator. 

Lemma A.l There holds that 

\\ e ±it{d *)f\\ L - < a+tr 1 / 2 n/iiL~ + (i+r 5 / 8 (imi^ + v ^ o. (at) 

Proof. In this proof, we only show (1A.1D in the “+” case, since the discussion for the 
minus case is similar. Note that the estimate (1A.1I) is trivial if 0 ^ ^ 100. Denote 


Jk ■ 


, kz, 


J_ f e ^ +it ^Kf{.m 

2vr Jk 

then in order to prove this lemma, it suffices to show )T) fcgZ A 1$ 1 with / satisfying 

t 1 ^ 2 ||/I|l°° + t 5//8 (||/||h 2 + ||a;/||tfi) < 1, t > 100. (A.2) 

Now we divide this proof into four cases. 

Case 1: 2 fc ^ t~ 1//2 . In this case, we use H-Pfc/llz, 00 1$ i 1//2 to obtain 

E a< E 2 k \wh~<t 1/2 E 2 "< L 

2 k < t- 1 / 2 2 k <t~ 1 / 2 2 k <t~ 1 / 2 
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Case 2: 2 k ^ f 5 / 12 . By using the estimate 2 2k \\P^f\\ L 2 < i 5 / 8 , we have 

E -h< E 2* /2 |©|| L 2<i 5/8 E 2 k / 2 2~ 2k < 1. 

2 fc^tS/i2 2 fc 5 st 5 / 12 2 k ^t 5 / 12 

Case 3: f -1 / 2 ^2 k ^ i 5 / 12 and |x/t| ^ 1/2. Note that (IA.2[) implies 

II^/IIl 2 + 2 2fc |©|| L 2 + Il^^/|| L2 + 2 fc ||5 € iVllL 2 < t 5/8 - 

Moreover, in this case we observe that 


\\tfx IIl 2 < 2||x/ a; || L 2 < t 5/8 =>• H/xIIl 2 


< t -3 / 8 => 2 fc ||/\/|| i 2 < t _3/8 . 


(A.3) 


(A.4) 


Subcase 3—1: |£| ^ 1/4. In this subcase, thanks to (1A.4D . it follows from the definition 
of Jfc that 


E '4< E !©llL 2 2 fc/2 < E t- 3/8 2- fc 2 fc / 2 < 1. 

4~ 1 sg2 i: ^t 5 / 12 4“ 1 ^2 fc 4 —1 ^2 fc 


Subcase 3-2: |£| ^ 1/4. Let <L := + 1(£), using integration by parts, we see that 


Jk — 

[ d^xid&r'Pkmdt 

J K 




[ e^(%$)- 2 df$^/(£)d£ 
7 k 

+ 

[ ^(d&r'dtPkmdt 

JR 


(A.5) 


where d^ = t(xt~ 1 + £(£)~ 1 ) an d <9|4> = t(£)~ 3 . If |£| ^ 1/4, then |5|4>| ~ t and 
\dz$\ ^ t(\x/t\ — |^|(0 _1 ) ^ i/4 since |£|(£) _1 ^ 1/4. With the help of HA.3D . it follows 
from (IA.5D that 

E Jk ^ E rl^iU 2 2 fc/2 +t- 1 iiwii L2 2 fc / 2 )<t- i t 5 / 8 <i. 

t- 1 /2^2 i! ^4- 1 2* ! ^4- 1 

Case 4: f -1 / 2 ^ 2 k ^ f 5 / 12 and \x/t\ ^ 1/2. 

Subcase 4-1: |£| ^ 2. We see that |c?|4>| < f|£|~ 3 and |c/r ( I>| > t, so from (IA.5D . there 
holds 


E « E (t-^WPkfh^ 2 + r 1 2- fc 2 fc ||^P fc /|| L 22 fe / 2 ) < t~H 5 / 8 < 1. 

2^2 fe ^i 5 / 12 2^2 fc 

Subcase 4-2: |£| ^ 2. Let £o be the unique root of the equation c/e<I> = 0, i.e., 
£o = — / f 2 x 2 an d l£o| ^ 3 -1 / 2 . Then it is easy to see 


E Jk ~ E 

t-!/ 2 <2 fc ^2 t“ 1 / 2 ^2 fc ^2, l^l 0 


or 


E Jk ’ h 

t~ V2<2 fc <2, Z^Z 0 
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where Iq is the smallest integer satisfying 2 l ° ^ t x / 2 and 

do),, ,, f vat-toW-vat-toi/*- 1 ), i^io+i, 

with <p the smooth function given in Section 1. By this definition, vanishes in the 
integral domain of Jk,i 0 , and we estimate this term as 

Jk,l0 < l®(e)l|Loc||^ o) (e-eo)||Li <t l/2 2 l ° < 1. 

For l ^ Iq + 1, note that |<9|<3?| ~ t and 

\d&\ = |3^(£) - %<D(£ 0 )| = |df<3?(f )||£ - Col ~ t2 l , 


so integrating by parts in £ as (1A.5D . we can obtain 

E < E (* -1 2- 2I i© - &)iui 

f 1 / 2 ^2*^2, l>l 0 l>lo 

+ t-^-'WdtVJh* llrf°E - £o)||l 2 + t- l 2~ l \\I\f ||l<-||0^ o) (£-£o)IIli) 

< Er'r't 1 ^ 1 + r 1 2- J t 5/8 2» /2 + r 1 2-'t 1/2 ) < l. 

l>lo 

This ends the proof of the lemma. □ 


Appendix B 

In this appendix, we collect some analysis lemmas. 
Lemma B.l There holds 


\\0[f,M]V\\ LHR) < \\M^,r,-0\\ L?r Hl\\f\\Loo(R)\\V\\ L 2 W . (B.l) 

Proof. Let J^f denote the Fourier transform from x to £. Using Holder’s inequality, we 
can see 


\(0[f,M]V,W)\ 


1 

7r) 2 

[ M(£, n - OnOV(v ~ OW(ri)dZdri 
Jr 2 



1 

7r) 2 

X ( Jr 77 _ ( x + y)VhF (rj)drj 


-l 

{J ^ Q{x)^(f(-x + y)V(y))dx')W(ri)dri 


< [ \\{x)^ 1 M(^, v-0\\lI ■ II (x) 1 ^(f(-x + y)V(y))\\ L 2 -\W{r])\dr] 

Jr 

< ||(x)^‘ 1 M(^r?-^)|| L oc L 2 • \\(x)~ 1 ^(f(—x + y)V(y))\\ L 2 L 2 • ||IU(r ? )|| L 2 

< \\M(£,ri - £)\\ l? o H i ■ \\(x)~ 1 f (—x + y)V(y)\\ L 2 L 2 ■ \\W\\ L 2 . 
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Note that 


ii(x)- i /(-x+ y )ni/)ii^ < ii/iil-ii^Hl,, 

then the desired estimate (IB. 11) follows by duality argument. □ 

Lemma B.2 Let m(£,r]) be a Fourier multiplier satisfying 

ll m llL 2 (R 2 ) + l|df m llL 2 (R 2 ) + ll^ m llL 2 (M 2 ) < I; (B.2) 

then for any po, pi, p 2 € [1, +oo] with p^ 1 = pf 1 + pf 1 , we have 

||C , [/l) m ]/2||LP0(R) ||/i||lpi(R)I|/2||lp2(R)- (B.3) 

Proof. Define 

K(x,y) := ^ [ e l ^ +yv) mff,,v)dfdr]. 

(2vrr J R 2 

Note that 

+ X)] = e^M), ^[f2(x + y)] = e ixy M V ), 

where is the Fourier transform from x to £, then by (11.121) . 

{0[fi,m]f 2 ){x) = —^ [ e lx ^ + ^m(t,rj)fi(t)f 2 (r])dtdri 
(27T)- Jr2 

= ( 9^4 [ y)\H^\.h( x + X )M X + y)]df,drj 

(2vr) 4 7 R 2 y y 

= TFii / A y)/i( x - ®)/2(® - y)dxdy , 

(2tt)- 7 M 2 

where we have used the identity (F,G) = (fh t) 2 (F,G) ( F,G : M 2 —>• C) in the last step. 
Hence, by Holder’s inequality, 

||0[/i,m]/ 2 || L Po(R) £ J \ K ( x ,y)\ ■ \\f 1 {x-x)\\ L Pi m \\f 2 (x-y)\\ L P 2 m dxdy 

~ IIIII/ 1 (R 2 ) II /l HlXi (R) II /2 ||lp2 (R) (B.4) 

with — = — + Moreover, using (IB. 21 ). we have 

PO pi P2 70 *- v ’ 

II 2/)IIl 1 (r 2 ) ^ ||(1 + x 2 + y 2 ) 1 || L 2 ( R 2)||(1 + x" + ?/ 2 )il (x, 2/)||z, 2 (K 2 ) 

^ ll^(^>y)llL 2 (R 2 ) + ||x' 2 ii k r(rc, 2/)||z, 2 CR 2 ) + \\y 2 K{ x i 2/)IIl 2 (r 2 ) 

~ II™(£, ? ?)IIl 2 (r 2 ) + ||^rre(^,T/)|| L 2 (R 2 ) + ||5 2 m(^,r/)|| i 2 (K 2 ) 

< I- (B.5) 

Therefore, the desired bound (IB. 3D follows from (IB.4D and (IB.Sp . □ 
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Lemma B.3 If m(r],a) is a Fourier multiplier with p and a localized in the size 2 k and 
2 l , respectively , and satisfies 


\d“d b m\ < A2~ ak 2~ bl (resp. A) 


for any a, b = 0,1, 2, then we have 

\\^~ lr fn\\F{ 9 ?) < A (resp. A2 k 2 l ). 
Proof. Let K(x,y ) := namely, 


We first assume 


K(x, y) = (2ir) 2 f e lxri e lvcT m{ri,a)dr]da. 

Jm 2 


\d%d b m\ < A2~ ak 2~ bl , a, b = 0,1, 2 . (B. 6 ) 

Using the localized property of m, we see that 

\K(x,y)\ < ||m|| LO c2 fc 2 z ^ A2 k 2 l , V (x,y) € M 2 . (B.7) 

On the other hand, with integration by parts, it is easy to see 

\K(x,y)\ < X - a y~ b \\df ) d b m]\ L oo2 k 2 l , x + 0 and y 0. (B. 8 ) 

Let M 2 = fli U U Its U 124 , where 

^1 = {(x,y); \x\ ^ a, |y| < P}, ^2 = {(x,y); |x| ^ a, |y| > P}, 

^3 = {(*, 2/); M > a, |y| < P}, ^4 = {(x, y)\\x\ ^ a, \y\ > P}. 

Then using (IB.7D . there holds 

\\K(x,y)\\ L i {Ul) < a pA2 k 2 l . 

Integrating by parts in a only and using (IB.61) . (IB. 81) with (a, h) = (0,2), we obtain 
\\K(x,y)\\ L i {a2) < ap- l \\dlm\\ L ~2 k 2 l < aP~ 1 A2 k 2~ l . 

Similarly, we can obtain 

ll^(*,y)IUi(n 3 )^«- 1 ^||^m|Uco2 fc 2 I <a-VA2- fc 2'. 

Also, with integration by parts in 77 and a, we have 

\\K(x,y)\\ Ll{n4) < a- 1 r 1 K<9 2 m|| L ~2 fc 2* < cT 1 pr 1 A2~ k 2~ l . 
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Now, we choose a,/3 satisfying a2 k = 1 and /32 l = 1, then from the above four estimates, 
there holds 

\\^ 1 HU i ( R 2) = II-^IIlRh*) A. 

Next, we assume \d^d b m\ < A for any a, b = 0,1,2. In this case, applying the same 
argument as above with a = (3 = 1, we can easily see that ||-R||i,i(r 2 ) < A2 k 2 l . This ends 
the proof of the lemma. □ 

Lemma B.4 For any X, p > 0 and n € N, there holds that 

f e lXxy p(p~ l x)p(p~ 1 y)dxdy = 27tA _1 + \~ l ~ n p~ 2n O(l), (B.9) 

J M 2 

where p is the smooth radial function used in the Littlewood-Paley decomposition. The 
implicit constant coming from the term 0(1) depends only on n and <p. 

Proof. We first set A = 1. A direct computation gives 


LHS 


of (IB. 91) = P <p(p 1 x)(p(—px)dx = / p(p 2 x)ip(x)d. 

it Jr 

= / ip(0)<p(x)dx + / \p{p~ 2 x) — ip(0)\ip(x)dx 

Jr Jr 


= 27T + 


[ 

Jr 


x) — ip(0)\tp(x)dx, 


since 


f K tp(x)dx = 27T(/?(0) = 27t. Using Taylor’s expansion, we have 


= m +£ AM 


k=1 


x_\ k + p {n) jy) f 

p 2 J n\ \p 


. . ip( n \y) 
2I =<p(p) + Z —p 

z ' n! 




where 0 < \y\ < p 2 \x\. Hence, there holds 

f [tp(p~ 2 x) — p{f))\(p(x)dx = (p 2n n\)~ l f x n ip(x)<p( n \y)dx. 

J M J M 

Combining the above equalities, we obtain 

e~ lxy ip(p~ 1 x)p(p~ 1 y)dxdy = 2n + p~ 2n O( 1), 

and by transformation \f\x —>• x, V\y —> y, we thus get (IB. 91) as desired. 
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